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Abstract 

This is a paper in a series to study vertex algebra-hke structures arising from 
various algebras including quantum affine algebras and Yangians. In this paper, 
we study notions of ^-adic nonlocal vertex algebra and ^-adic (weak) quantum 
vertex algebra, slightly generalizing Etingof-Kazhdan's notion of quantum vertex 
operator algebra. For any topologically free C[[/l]] -module W, we study /i-adically 
compatible subsets and /i-adically 5-local subsets of (EndTy)[[a;, We prove 

that any ?i-adically compatible subset generates an /i-adic nonlocal vertex algebra 
with W as a, module and that any /i-adically 5-local subset generates an /i-adic weak 
quantum vertex algebra with TV as a module. A general construction theorem of 
/i-adic nonlocal vertex algebras and /i-adic quantum vertex algebras is obtained. As 
an application we associate the centrally extended double Yangian of SI2 to ?i-adic 
quantum vertex algebras. 

1 Introduction 

In |EK] . one of an important series of papers, Etingof and Kazhdan introduced a fun- 
damental notion of quantum vertex operator algebra and they constructed a family of 
quantum vertex operator algebras which are formal deformations of vertex operator al- 
gebras associated with affine Lie algebras s[„+i. For a quantum vertex operator algebra 
in this sense, the underlying space is a topologically free C[[/l]]-module V = V^[[h]] with 

a vector space over C, and the vertex operator map F is a C[[^]]-module map from V 
to Hom(V, V^{{x))[[h]]), where the key axioms are a quasi commutativity property, called 
5-locality, and an associativity property. Furthermore, the iS-locality by assumption is 
governed by a unitary rational quantum Yang-Baxter operator S{x) on V. It follows from 
the definition that V/hV is an ordinary vertex algebra (over C), so quantum vertex opera- 
tor algebras in this sense are formal deformations of vertex algebras. As it was mentioned 
therein, a generalization of this theory to the super case is straightforward. 

Inspired by jEK] . in a series of papers ( |Li4] . |Li5] . |Li6] . |KL] ) we have extensively 
studied a notion of (weak) quantum vertex algebra, as a generalization of the notions of 
vertex algebra and vertex superalgebra. For a (weak) quantum vertex algebra V in this 
sense, the underlying space is a vector space over C and the vertex operator map y is a 
linear map from V to B.om{V, V {{x))) , which satisfies a certain braided Jacobi identity, 
or equivalently an iS-locality and associativity. This theory of (weak) quantum vertex 
algebras has many of the features of the theory of ordinary vertex (super-) algebras. For 
example, as it was proved in |Li4] . weak quantum vertex algebras and their modules can 
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be constructed from what were called iS-local sets of vertex operators on an arbitrarily 
given vector space, just as vertex (super) algebras and modules can be constructed from 
"mutually local" vertex operators (see |Lilj ). Examples of quantum vertex algebras and 
modules were constructed in |Li5] from Zamolodchikov-Faddeev algebras of a certain type 
and in |Li6j from g- versions of double Yanigan DYri{5l2) with q a nonzero complex number. 

In this paper, we come back to Etingof-Kazhdan's notion of quantum vertex oper- 
ator algebra with a slight generalization such that the classical limits are more general 
quantum vertex algebras. More specifically, we systematically study notions of ^-adic non- 
local vertex algebra and ^-adic (weak) quantum vertex algebra, and we establish general 
construction theorems, with the ultimate goal to associate such ^-adic quantum vertex 
algebras to centrally extended double Yangians essentially in the same way that affine Lie 
algebras were associated with vertex operator algebras. An /i-adic nonlocal vertex algebra 
will be a topologically free C[[^]]-module V equipped with a C[[/i]]-module map Y from 
V to (Endl^)[[a;, x"^]] and a vector 1 e F such that for every positive integer n, V/Jf^V 
is a nonlocal vertex algebra over C, while an /i-adic weak quantum vertex algebra is an 
/i-adic nonlocal vertex algebra V that satisfies iS-locality in the sense of |EKj with S{x) 
only a C[[^]]-module map without any other assumption. Furthermore, an ^-adic quan- 
tum vertex algebra is an ^-adic weak quantum vertex algebra V such that the 5-locality 
operator S{x) is a unitary rational quantum Yang-Baxter operator and satisfies the shift 
condition and hexagon identity as in [EK]. 

For each finite-dimensional simple Lie algebra g, Drinfeld (see |Drl] ) introduced a Hopf 
algebra ^(0), called Yangian, as a deformation of the universal enveloping algebra [/(^[t]) 
of Lie algebra Q[t]. Then the double DYfi{g) of Y{q) in the sense of Drinfeld was studied 
in |KTj . Furthermore, centrally extended double Yangian DY;i{q) was studied in |Kh ] and 
[IKj . as a deformation of the universal enveloping algebra U{g) of the affine Lie algebra 
0, where a vertex operator representation was also given. Our objective is to establish a 
canonical association of the centrally extended double Yangians (in which the parameter 
h is a formal variable, instead of a complex number) with vertex algebra-like structures. 
This is our main motivation to study ^-adic (weak) quantum vertex algebras. 

In this paper we build the foundation for this theory of ^-adic (weak) quantum vertex 
algebras. As one of the main results, we establish a general construction of /i-adic weak 
quantum vertex algebras and their modules. This is an /i-adic version of the general 
construction in |Li5] of weak quantum vertex algebras and their modules, and we here 
extensively use the results therein. Let be a general C[[^]]-module. Consider formal 
series 

a{x) = ^amX-'^-^ G (Endl^)[[a;, x'^]] 
mez 

satisfying the condition that for every w (zW and for every positive integer n, there exists 
an integer k such that G h^W for m > k, and let Sn(W) consist of all such a{x). In 
the case that W = W^[[h]] is topologically free (with a vector space over C), we have 
^hiW) = £{W^)[[h]] which is also topologically free. (Recall that for a vector space U over 
C, £{U) = Hom(t/, f/((x))).) We then study what we call ^-adically compatible subsets 
and /i-adically 5-local subsets of StiW). We prove that any ^-adically compatible subset 
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of Sii{W) generates an h-adic nonlocal vertex algebra with W as a canonical module, while 
an ^-adically iS-local subset of Sn.iW) generates an h-adic weak quantum vertex algebra 
with W canonical module. 

The fact is that the generating functions of a centrally extended double Yangian on a 
highest weight module W together with the identity operator Iw form an /i-adically S- 
local subset of Sfi{W), and hence one has an ^-adic weak quantum vertex algebra generated 
by those generating functions. It was known (see |Lilj . |LLj ) that if is a highest weight 
module for affine Lie algebra g of level i E C, then the canonical generating functions of 
generate a vertex algebra, which can be identified as a so-called vacuum g-module of 
the same level i. For centrally extended double Yangians, the situation is different; the 
generated /i-adic weak quantum vertex algebra is not a module for DYhIq), but it is a 
module for a certain cover of DYri{g). This is mainly due to that the field associated to a 
Cartan element is broken into two fields in the quantum case. In this paper, we pick up 
the simplest case with g = sl2 and work out the details. More specifically, we introduce 
a cover DY's(s[2) of DYfi{5l2) and by using our general construction we show that on a 

universal vacuum DY?i(s[2)-module of a generic level (which is defined suitably), there 
exists a canonical /i-adic quantum vertex algebra structure with every highest weight 
-DYfj(sl2)-niodule of the same level as a module. In principle, a generalization to the 
centrally extended double Yangian of a general finite-dimensional simple Lie algebras can 
be done in a similar way, but one has to deal with the complicated Serre type relations. 
We plan to study this in a future publication. 

In this paper, we also construct a family of /i-adic quantum vertex algebras as defor- 
mations of certain quantum vertex algebras which were studied in |KLj . Those quantum 
vertex algebras were constructed by using certain generalized Weyl-Clifford algebras, or 
Zamolodchikov-Faddeev algebras. In one special case, we obtain a quantum /37-system, 
and in another we obtain a formal deformation of the vertex operator superalgebra Vl 
associated with the lattice L = Za with {a, a) = 1. 

There is a very interesting paper jAB] , in which Anguelova and Bergvelt studied a 
broad class of vertex algebra-like structures called -ffD-quantum vertex algebras, using 
some ideas of Borcherds from |B2] . and they constructed certain interesting examples by 
employing Borcherds' bicharacter construction. This notion of if^-quantum vertex alge- 
bra generalizes the notion of braided vertex operator algebra in |EK] in several aspects. 
For example, the braiding operator S (describing quasi locality) is allowed to have two (in- 
dependent) spectral parameters, instead of one. What we here call ^-adic quantum vertex 
algebras can be considered as a subfamily of iJ/j-quantum vertex algebras. A drawback 
of this generality is that general if^j-quantum vertex algebras, just as Etingof-Kazhdan's 
braided vertex operator algebras, fail to satisfy the usual associativity for vertex algebras, 
though they do satisfy a braided associativity. On the other hand, weak quantum vertex 
algebras in the sense of jLi4 j and /i-adic weak quantum vertex algebras all satisfy the usual 
associativity, which promises a transparent representation theory. Especially, examples 
of ^-adic quantum vertex algebras (and their modules) are constructed by using vertex 
operators on potential modules from a representation point of view. 



3 



This paper is organized as follows: In Section 2, we study ^-adic nonlocal vertex al- 
gebras and ^-adic (weak) quantum vertex algebras and present some basic results. In 
Section 3, we present some technical results. In particular we discuss h-adic nonlocal ver- 
tex subalgebras. In Section 4, we give a general construction of /i-adic (weak) quantum 
vertex algebras and their modules using /i-adic iS-local sets of (formal) vertex operators. 
In Section 5, we construct some h-adic quantum vertex algebras which are deformations 
of certain quantum vertex algebras. In Section 6, as an application of the general con- 
struction we associate the centrally extended double Yangian of sl2 with /i-adic quantum 
vertex algebras. 

Acknowledgement: Part of this paper was finished during my visit at Shanghai Jiao- 
tong University, China, in May 2008. I am very grateful to Professor Cuipo Jiang for her 
hospitality. I would like to thank the referees for valuable suggestions to put this paper 
in better shape. 

2 /i-adic nonlocal vertex algebras and /i-adic weak 
quantum vertex algebras 

In this section we study the notions of h-adic nonlocal vertex algebra and h-adic (weak) 
quantum vertex algebra, and we present basic properties of h-adic nonlocal vertex alge- 
bras. The notion of ^-adic (weak) quantum vertex algebra slightly generalizes Etingof- 
Kazhdan's notion of quantum vertex operator algebra. In this paper, we use the standard 
formal variable notations and conventions as established in |FLMj (cf. [LL] ). The scalar 
field will be the field C of complex numbers, N and Z_|_ denote the set of nonnegative 
integers and the set of positive integers, respectively. 

We start by recalling the notion of nonlocal vertex algebra (cf. |BK] . |Li2j ). A nonlocal 
vertex algebra is a vector space V, equipped with a linear map 



Y:V ^ Rom{V,V{{x))) C (EndV)[[x,x-^]] 
V Y{v,x) = ^VnX'"''^ {vneEndV) 




and equipped with a distinguished vector 1 G V, satisfying the conditions that 



Y{l,x) = l, 

Y{v,x)l E V[[x]] and \imY{v,x)l {= v_il) = v for f G V, 

x—^O 

and that for u,v,w E V, there exists / G N such that 

(xo + X2yY{u, xo + X2)Y{v, X2)w = {xo + X2yY{Y{u, Xo)v, X2)w 



(2.1) 
(2.2) 



(2.3) 



in V^ffa;^"*^, x^"*^]] (the weak associativity). 

For a nonlocal vertex algebra V", define a linear operator T> onV hy 




for V E V. 



(2.4) 
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We have ( |Li2j . Proposition 2.6) 

[V, Y{v, x)] = Y{Vv, x) = ^Y{v, x) for v e V, (2.5) 

and furthermore, 

e"^F(t;, xi)e-"^ = r(e"^t;, xi) = Y{v, xi + x), (2.6) 
Y{v,x)l = e''^v. (2.7) 

In |Li4j ■ the following class of nonlocal vertex algebras was singled out: 

Definition 2.1. A weak quantum vertex algebra is a nonlocal vertex algebra V, satisfying 
iS-locality: For u,v E V, there exist 

r 

J2 ® ^^'^ ® /i(x) G K ® K ® C((x)) 

i=l 

and a nonnegative integer k such that 

r 

(xi - X2fY{u, x^)Y{v, X2) = (xi - X2f Yl /^(^2 - x,)Y {v^^ , X2)Y {u^^ , x^) , (2.8) 



1=1 



where fi{x2 — Xi) is to be expanded in the nonnegative powers of Xi, i.e., in view of the 
formal Taylor theorem. 



Mx2-xi) = e "'^'^fiix2) G C((x2))[[xi]]. 

Remark 2.2. Let be a weak quantum vertex algebra. Let u,v,w G V and assume 
that (12.81) holds. Then weak associativity relation (12. 3p and (12. 8 p imply 

1^ ( — — — ) Y(u,xi)Y(v,X2)w 
\ Xo J 

-Xo'S (^1^) V/,(-xo)r(t;«,X2)r(n«,xi)u; 
V -xo J ^ 

= X2'S (^^^^^Y{Y{u,Xo)v,X2)w (2.9) 

(the S-Jacobi identity). In fact, the notion of weak quantum vertex algebra can be 
alternatively defined by using all the axioms that define the notion of nonlocal vertex 
algebra except that the weak associativity axiom is replaced by 5-Jacobi identity. 

Definition 2.3. Let ?7 be a vector space. A unitary rational quantum Yang-Baxter 
operator (with one parameter) on ?7 is a linear map 

S{x) -.U ®U ®U ® C((x)) 
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satisfying the condition that 

S^\x)S{-x) = 1, 

S'\xi)S''{Xi+X2)S'^{x2) = S'^X2)S'''{Xi+X2)S''{x,), 

where iS^^(x) = PS{x)P with P the permutation operator onU ®U . 

The following notion is essentially due to Etingof and Kazhdan [EK]: 

Definition 2.4. A quantum vertex algebra is a nonlocal vertex algebra V equipped with 
a unitary rational quantum Yang-Baxter operator S{x) on V , satisfying the conditions 
that 

[V ® = -^^1^ (the shift condition), (2.10) 

and that for any u,v eV , there exists a nonnegative integer k such that 

(xi - X2fY{xi){l ® Y{x2)){S{xi - X2){u ®v)®w) 

u ® w) (2-11) 

for all w E V, and that 

S{x){Y{z) ® 1) = {Y{z) ® l)S^\x)S^^x + z) (2.12) 

(the hexagon identity), where Y{x) : V ®V ^ V{{x)) is the map associated to the vertex 
operator map Y{-,x) : V — > Hom(V, ^((x))). 

The following notion is due to Etingof and Kazhdan |EKj : 

Definition 2.5. Let V be a nonlocal vertex algebra. For each positive integer n, define 
a linear map 

Z„ : C((xi)) ■ ■ ■ ((x„)) ® ^ V((xi)) ■ ■ ■ ((x„)) (2.13) 

by 

Znif ® v^'^ ® ■ ■ ■ ® t;(")) = /(xi, . . . , x„)F(t;«, xi) ■ ■ ■ F (t;("), x„)l (2.14) 

for v^^\ . . . , v^^'^ G V, / G C((xi)) ■ ■ ■ ((x„)). If all the linear maps Z„ for n > 1 are 
injective, V is said to be nondegenerate. 

The following proposition ([Li4j, Theorems 4.8 and 5.11) was lifted from |EKj : 

Proposition 2.6. Let V be a weak quantum vertex algebra. Assume that V is nondegen- 
erate. Then there exists a unique linear map S{x) : V ®V — )■ V ® V ® C{{x)) satisfying 
the condition that for any u,v E V, there exists a nonnegative integer k such that \2.11\) 
holds with 



S{x){v®u) = ^v^'^ ®u^'^ (g) fi{x). 



i=l 



Furthermore, V equipped with S{x) is a quantum vertex algebra. 
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Definition 2.7. Let be a nonlocal vertex algebra. A V -module is a vector space W 
equipped with a linear map 

Yw-V ^ Hom(iy,iy((a;))) C (Endiy)[[x,x-i]] 
V ^ Yw{v,x) = '^VnX~'^~^ e Endiy) 

satisfying the conditions that 

Yw{'^,x) = Iw (where Iw denotes the identity operator on W), (2-15) 

and that for any u,v & V, w E W, there exists / G N such that 

(a;o + X2)'1V(m,xo + X2)Ywiv, X2)w = {xq + X2yYwiY {u, xo)v , X2)w . (2.16) 

A quasi V-module is defined by using all the above axioms except that the last weak 
associativity axiom is replaced by a weaker axiom: For any u,v E V, w E W, there exists 
7^ p{xi,X2) G €[0:1,0:2] such that 

p{xo + X2, X2)Ywiu, xo + X2)Ywiv, X2)w = p{xq + X2, X2)Yw{Y{u, Xo)v, X2)W. (2.17) 

Next, we study /i-adic analogues. Let ^ be a formal variable throughout this paper. 
A C[[/i]]- module W is said to be torsion-free if hw ^ for every Q ^ w E W, and is 
said to be separated if DnyiK^W = 0. For a C[[^]]-module W, using subsets w + K^W for 
w E W, n > 1 as the basis of open sets one obtains a topology on W, which is called 
the h-adic topology. A C[[/i]]-module W is said to be h-adically complete if every Cauchy 
sequence in W with respect to this /i-adic topology has a limit in W. A C[[/l]]-module 
W is topologically free if = for some vector space over C. A fact is that a 

C[[/i]]-module is topologically free if and only if it is torsion-free, separated, and /i-adically 
complete (cf. [K]). 

Definition 2.8. Let be a C[[/i]]-module. Define SniW) to consist of each formal series 

a{x) = J2amX-"'-^ e {En<\W)[[x,x-^]] 

mez 

such that for every w G W , OmW — > 0, that is, for every positive integer n, 

G h^W for m sufficiently large. 

For every C[[^]]-endomorphism F of W , F preserves the submodules ff'W for n G N, 
so that F gives rise to an endomorphism of W/h^W for each n G N. In this way, we have 
natural C[[^]]-module homomorphisms 

: EndPF ^ EndiW/K'W) 

for n G N. We also use vr^ for its canonical extensions — the C[[^]]-module homomorphisms 
from (Endiy)[[x^\ . . .,xf^]] to {End{W / K^W))[[xf\ . . .,xf^]] for r > 1. In terms of the 
maps 7f„ we have 

Ef^iW) = {a{x) G (EndW)[[x,x-^]] \ 7f„(a(a;)) G SiW/h'^W) for all n E n} . (2.18) 
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Definition 2.9. An h-adic nonlocal vertex algebra is a topologically free C[[/i]]-module V, 
equipped with a C[[/l]]-module map 



Y:V ^ Sn{V) C (EndV)[[x,x-^]] 




and equipped with a distinguished vector 1 G V, satisfying the conditions that 



Y{l,x)^l, 

Y{v, x)le V[[x]] and hm Y{v, x)l (= for v e V, 



and that for u,v,w G V and for n e N, there exists / e N such that 



{xo + X2) Y{u, Xo + X2)Y{v, X2)w 



{xq + X2) Y{Y{u, xq)v, X2)w 



(2.19) 



modulo /i"V[[a;Q ^, a;^^]] (the h-adic weak associativity). 



Remark 2.10. Notice that for r, s G Z, the coefficient of the monomial XqX2 in the 
expression F(m, xq + X2)Y{y.i X2)w is 



which is an infinite sum in general, even though it converges to an element of V . This is 
one of the few places where V needs to be /i-adically complete. 

The following is a characterization of an ^-adic nonlocal vertex algebra in terms of 
nonlocal vertex algebras over C: 

Proposition 2.11. Let V he a topologically free €^W\\-module, equipped with a vector 
1 G V and a £.[[fi\]-module map Y from V to (End\^)[[a;,a;~"^]]. Then (V^,F, 1) car- 
ries the structure of an h-adic nonlocal vertex algebra if and only if for every n e N, 
{V/hW,Y'''^\l + h'^V) is a nonlocal vertex algebra over C, where y^") : V/h^'V 
{End{V/h"'V))[[x,x~^]] is the canonical map reduced from Y. 

Proof. From definition it is clear that if (V, Y, 1) is an ^-adic nonlocal vertex algebra, 
V/h^V is a nonlocal vertex algebra over C for every n e N. Now, assume that for every 
n G N, V/h^V is a nonlocal vertex algebra over C. For v E V, we have Ttn{Y{v,x)) G 
S{V/h^V) for n G N. Thus Y{v,x) G Sri{V). On the other hand, for each n G N, with 
1 + h^V being the vacuum vector of V/K^V, we have Y{l,x)v — f G a;^-*^]] for 

V E V. Because V is separated, we must have Y{l,x)v — v = 0. Similarly, we can show 
Y{v,x)l G V[[x]] and limx^oY{v,x)l — v. The weak associativity of V/h^V for n G N 
exactly amounts to the /i-adic weak associativity. Then (V, Y, 1) is an /i-adic nonlocal 
vertex algebra. □ 




8 



Remark 2.12. Let V be an /i-adic nonlocal vertex algebra. We have a projective inverse 
system of nonlocal vertex algebras over C (or over C[[/i]]): 

^ V/hV ^ V/ffV ^ V/h^V < (2.20) 

and the h-adic nonlocal vertex algebra V can be considered as an inverse limit. 

Using Proposition 12. Ill (and the arguments in the proof) we immediately have: 
Lemma 2.13. Let V be an h-adic nonlocal vertex algebra. Define V G Endl^ by 

V{v) = v^2l for V eV. (2.21) 

Then 

[V, Y{v, x)] = Y{Vv, x) = ^Y{v, x) for v E V. 

Let V be an /z-adic nonlocal vertex algebra. Following |EK] . let 

Y{x) : V^V ^ V[[x,x-^]] 

be the C[[/i]]-module map associated to the vertex operator map Y : V ^ {EiadV)[[x, x^^]], 
where here and forth V^V and K(8K(8C((x))[[/i]] stand for the ^-adically completed 
tensor products. If = V"°[[/i]] with a C- vector space, we have 

V(g)V = {V° ®V°)[[h]] and V®V®C{{x))[[h]] = {V'^ ® V° ® C{{x)))[[h]]. 

Definition 2.14. Let V be an ^-adic nonlocal vertex algebra. Define a C[[/i]]-module 
map 

y(xi,X2) : V(g)V -> (EndV)[[xf\xf^]] 

by 

Y{xi, X2)iu (g) v){w) = Y{xi){l (g) F(x2))(m (g ti (g) w) = Y{u, Xi)Y{v, X2)w (2.22) 
for u,v,w E V. 

Definition 2.15. An h-adic weak quantum vertex algebra is an ^-adic nonlocal vertex 
algebra V which satisfies h-adic S -locality: For u,v G V, there exists 

F{u,v,x) G V(g)V(g)C{{x))[[h]] 

satisfying the condition that for every positive integer n, there exists G N such that 

{xi - X2)'"Y{u, xi)Y{v, X2)w = (xi - X2)'"Y{x2)il O Y{xi)){F{u, V, X2 - xi) O w) (2.23) 

modulo h''V[[xf\xf^]] for all w eV. 
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Remark 2.16. Let V be an ^-adic weak quantum vertex algebra. We see that for every 
positive integer n, V/h^V is a weak quantum vertex algebra over C. For u,v,w G V, by 
Remark 12.21 we have 

Xq^5 (^~~^r~^^ Y{u,Xi)Y{v,X2)w 

(^IJlIl) F(x2)(l ® Y{xi)){F{u, V, -xo) ® w) 
V -^0 J 

= X2^S (^ ^^ ~ Y(Y{u, xo)v, X2)w (2.24) 

modulo nj'V[[x^\x^\xf^]]. Since V is ^-adically complete, the coefficient of each mono- 
mial XqX^xI for r,p,q G Z in each of the three main terms is an element of V. As 
nn>i^"^ = 0, we obtain 

Xq^6 I — I Y {u, Xi)Y {v , X2)w 

\ Xq J 

-Xo '5 (^T^) ^(^2)(1 ® Y{x^)){F{u, V, -Xo) ® w) 
= Y(Y{u,xo)v,X2)w (2.25) 

(the S-Jacobi identity). Clearly, iS-Jacobi identity is equivalent to h-adic weak associa- 
tivity and ^-adic iS-locality. In view of this, the notion of /i-adic weak quantum vertex 
algebra can be defined alternatively by using the iS-Jacobi identity. 

Definition 2.17. Let f/ be a C[[/l]]-module and let r be a positive integer. For 

A{xi, . . .,Xr), B{xi, ...,Xr) G U[[x^^ , . . .,xf^]], 

we write A ~± B if for every positive integer n, there exists a (nonzero) polynomial 

p{Xi, . . . , Xr) & {Xi ± Xj \ 1 < i < j < r) C C[xi, . . . ,Xr] 

such that 

p{Xi, . . . ,Xr){A{xi, . . . ,Xr) - B{XI, . . . ,Xr)) G ^ f/[[x^\ . . . , ]] . (2.26) 

Clearly, relations ~± on [/[[x]*^^, . . . , x^^]] are equivalence relations. It is also clear 
that the left multiplication by a Laurent polynomial and the formal partial differential 
operators d/dxi, . . . , d/dxr preserve the equivalence relations. For convenience, we shall 
also use the notation ~ for ~_. If V is an h-adic nonlocal vertex algebra, for u,v,w & V 
we have 

y (m, Xo + X2)Y{v, X2)w ~+ Y{Y{u, xo)v, X2)w 
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in x^^]]. Furthermore, if V is an h-adic weak quantum vertex algebra, for any 

u,v & V, there exists 

F{u,v,x) e V(g)V(g)C{{x))[[h]] 

such that 

Y{u, xi)Y{v, X2) ~ Y{x2, xi)F{u, v, X2 - xi) 
in {EndV)[[xf,xf^]]. 

Remark 2.18. Note that the equivalence relations ~± when restricted to certain sub- 
spaces of [/[[a;]'^"'^, . . . amount to the equality relation. For example, let U = U^[[h]] 
be a topologically free C[[/i]]-module. For 

if A ~± B, we must have A = B. This is simply because {U^{{xi)) ■ ■ ■ {{xr)))[[h]] is a 
vector space over the field C((xi)) • ■ ■ {{xr)) which contains Xi ± xj for 1 < i < j < r. 

Proposition 2.19. Let V be an h-adic nonlocal vertex algebra and let 

u,v eV, A{x) G V(S)V(S)C{{x))[[h]]. 

Then 

Y{u, Xi)Y{v, X2) ~ Y{x2, Xi){A{x2 - Xi)) 

if and only if 

Y{u, x)v = e^^F(-x)(A(-x)). (2.27) 

Furthermore, V is an h-adic weak quantum vertex algebra if and only if there exists a 
C[[h]]-module map 

S{x) : V^V V^V^C{{x))[[h]] 

such that 

Y{u,x)v = e''^Y{-x)S{~x){v ®u) foru,veV. (2.28) 

Proof. We only need to prove the first part. Note that for every positive integer n, V/K^V 
is a nonlocal vertex algebra over C. By Corollary 5.3 of |Li4] . there exists a nonnegative 
integer k such that 

(xi — X2)''Y{u, xi)Y{v, X2)w = {xi — X2)^Y{x2-i Xi){A{x2 — Xi))w mod h^V 

for dX\ w & V if and only if 

F(u, x)v = e''^Y{-x){A{-x)) mod ^"V. 

Since V is /i-adically complete, the coefficient of each power of x in e^^'^Y {—x){A{—x)) is 
an element of V. As nn>ih"'V = 0, the relations Y{u, x)v = e^'^-^Y {—x){A{—x)) mod h^V 
for all > 1 amount to ^TM . □ 
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The following is a reformulation and a slight generalization of Etingof and Kazhdan's 
notion of quantum vertex operator algebra (see [EK] ) : 

Definition 2.20. An h-adic quantum vertex algebra is an /i-adic nonlocal vertex algebra 
V equipped with a C[[/i]]- module map 

S{x) : V^V V®V®C{{x))[[h]], (2.29) 

which satisfies the shift condition 

[V®l,S{x)] = -^^, (2.30) 
ax 

the quantum Yang-Baxter equation: 

S^^ix,)S'^ix, + X2)S^H^2) = S^%X2)S'Hxi + X2)S'^ix^) (2.31) 
and the unitarity condition: 

S^\x)S{-x) = 1, (2.32) 

subject to the following axioms: 

(QAl) The h-adic S-locality: For any u,v &V and for any positive integer n, there 
exists > such that for any w & V the series 

{xi - X2fY{xi){l ® Y{x2)){S{xi - X2){u ®v)®w) 

and 

{xi-X2fY{x2){l®Y{xi)){v 

coincide modulo /i"V^[[x^\ x^^]]. 
(QA4) The hexagon identity: 

S{x{){Y{x2) ® 1) = {Y{x2) ® l)S^%x{)S^\xi + X2). (2.33) 

Let V be an ^-adic nonlocal vertex algebra. For a positive integer n, we define a 
C[[/i]]-module map 

: V^"®C((xi)) • ■ ■ {{xMm ^ V[[xt\ . . . , ]] 

as in Definition 12. 5[ Recall that V/hV is a nonlocal vertex algebra over C. 

Lemma 2.21. Let V = V^[[h]] be an h-adic nonlocal vertex algebra such that the nonlocal 
vertex algebra V/hV over C is nondegenerate. Then for every positive integer n, the 
<C\^h}\\-module map is injective. 
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Proof. Let n be any positive integer and let 7^ A G V'^"'^C{{xi)) ■ ■ ■ Then 

A = h\Ao + hA^ + fi'A2 + ---) 

for some G N, A e (\/°)®" O C((xi)) ■ ■ ■ ((x„)) with 7^ 0. Writing 

Y{x) = Yo{x) + hYi{x) + h^Y2{x) + ■■■ 

with Yi G (EndV^°)[[x, x""*^]] for i > 0, we have 

® Y{x2)) ■ ■ ■ ® Y{Xn))A 

= h''Y,{x^){l ® Y^{X2)) ■ ■ ■ ® ro(x„,))(Ao) + 0(^^+1). 

As V/hV is nondegenerate we have 

Y,{x,){l ® Y,{X2)) ■ ■ ■ ® Y^{xn)){A,) ^ 0, 

so that Z^{A) 7^ 0. This proves that is injective. □ 

The following is a reformulation of Proposition 1.11 of |EK] : 

Proposition 2.22. Let V be an h-adic weak quantum vertex algebra such that the nonlocal 
vertex algebra V/hV over C is nondegenerate. Then S-locality defines a unique C[[/i]]- 
module map 

S{x) : V®V V®V®C{{x)))[[h]] (2.34) 

with S{x){u ® v) = F{v,u,x) for u,v E V as in Definition \2.15\ and {V,Y, 1,5) carries 
the structure of an h-adic quantum vertex algebra. 

Next, we study modules and quasi modules for h-adic nonlocal vertex algebras. 

Definition 2.23. Let V be an /i-adic nonlocal vertex algebra. A V -module is a topolog- 
ically free C[[^]]-module W , equipped with a C[[^]]-module map 

Yw-.V ^ SniW) C (Endiy)[[a;,x-i]] 

satisfying the conditions that 1V(1, x) = Iw and that for -u, t> G V, w E W and for every 
positive integer n, there exists / G N such that 

(Xo + X2)'1V(m, Xo + X2)Yw{v, X2)w = (xq + X2)'1V(^(m, Xo)'^, X2)w (2.35) 

modulo ^"ly [[xq ^, x^^]]. We define a notion of quasi V -module by replacing the /i-adic 
weak associativity with the following axiom: For m, f G V, w & W and for every positive 
integer n, there exists 7^ p(xi, X2) G C[xi, X2] such that 

p(xo + X2, X2)Yw{u, xo + X2)lV(f , X2)w = p{xq + X2, X2)Yw{Y{u, Xo)f , X2)w (2.36) 

modulo ;i"iy[[x^\x^^]]. 
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We have the following straightforward analogue of Proposition 12.111 

Proposition 2.24. Let V be an h-adic nonlocal vertex algebra, let W be a topologically 
free C[[h]]-module, and let Y^y be a C[[h]]-module map from V to (EjndW)[[x,x~^]]. Then 
{W,Yw) is a (quasi) V-module if and only if for every positive integer n, W/fJ^W is a 
(quasi) V / K^V -module. 

The following is an /i-adic version of a result of |Li4] : 
Proposition 2.25. Let V be an h-adic nonlocal vertex algebra, let 

m G Z, u,v,c^^\c^^\ ■ ■ ■ G V, A{x) G V ®V ®£{{x))[[h]] 
such that limj_^oo c'--'^ = 0, and let (PF, Yw) be a V-module. If 

(Xi - X2TY{U, Xi)Y{v, X2) - {-X2 + xiTY{x2, xi){A{x)) 
.^y(eOv4(_|_)^,.,(£iy (2.37) 

then 



?! V 9X2 J \X2 
j>0 J \ z/ \ z 



(xi - X2)'^Yw{u,xi)Yw{y,X2) - {-X2 + xi)'^Yw{x2,xi){A{x)) 



Yw{c^'\x2)-, (4-^ ^2^^ {- ] ■ (2.38) 



^ ]\ \dX2j \X2 

If (VT, IV) is a faithful V-module, the converse also holds. 

Proof. For any positive integer n, V/h^V is a nonlocal vertex algebra over C and W/h^W 
is a (V"//i"V^)-module. It follows from |Li4] (Proposition 6.7) that after applied to a vector 
in VT, fl2.38p holds modulo hP'W . With W topologically free, W is ?i-adically complete and 
separated. Then f l2.38p must hold. For the converse, for any positive integer n, denote by 
Pn the C[[^]]-module map from V to SiW/K^W). Clearly, h"-V C kerp„. Then V/kei pn 
is a nonlocal vertex algebra over C and W/K^W is a faithful (\^/ ker p„)-module. Again, 
from |Li4] (Proposition 6.7), f l2.37p modulo kerp„ holds. For v G n„>ikerp„, with W 
separated we have Yw{v,x) = 0. As is faithful, we must have n„>ikerp„ = 0. Since 
V is ^-adically complete, (12. 3 70 holds on V. □ 

We shall also need the following variation: 

Proposition 2.26. Let V be an h-adic nonlocal vertex algebra, let 

m G Z, u,v,c^'^\c^^\ ■ ■ ■ G V, A{x) G V®V®C{{x))[[h]] 

such that limj__^oo c'--'^ = 0, and let {W, Y\y) be a V-module. If 

(Xi - X2rY{u, Xi)Y{v, X2) - (-X2 + xi)™F(x2, xi){A{x)) 
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(note that the only change is on the variable x for vertex operators Y[c^^\x)), then 
(xi - X2)'^Yw{u,xi)Yw{y,X2) - {-X2 + xi)'^Yw{x2,xi){A{x)) 

// {W, Yw) is a faithful V -module, the converse also holds. 

Proof. Let {U.Yjj) be a l^-module, e.g., U = V 01 U = W. For any G V, w E U and 
for any n > 1, with U/hJ^U a module for V/hJ^V viewed as a nonlocal vertex algebra over 
C, we have 

Yu{Vv, x)w = —Yu{v, x)w mod hJ^U. 
dx 



Since U is separated, we have 



Yu(Vv,x)w = -^Yu(v,x)w. 
dx 



Using this we get 



j>o i=o (^'~^)' \\9x2j ' / \dx2J \X2 



Notice that for i > 0, 'Yl,r>o ^P^c'-''^*-' G V (as is /i-adically complete). Then it follows 
from Proposition 12.251 □ 



3 Some technical results 

In this section we present certain technical results which we need in Section 4. In partic- 
ular, we study ^-adic nonlocal vertex subalgebras and subalgebras generated by subsets 
of an ^-adic nonlocal vertex algebra. 
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Definition 3.1. Let V be an /i-adic nonlocal vertex algebra. An h-adic nonlocal vertex 
subalgebra is a C[[/i]]-submodule containing 1 such that {U,Y, 1) carries the structure of 
an fi-adic nonlocal vertex algebra. In particular, t/ is a topologically free submodule. 

We say that a C[[^]]-submodule U of an h-adic nonlocal vertex algebra V is Y-closed 
if UmV G f/ for all M, f G f/, m G Z. (This is to distinguish the algebraic closedness from 
the topological closedness.) 

Remark 3.2. Let U he a C[[^]]-submodule of a topologically free C[[fi]]-module V. With 
h"'U C U (IK^V for n G N, we see that the induced topology on U from V (with the /i-adic 
topology) coincides with the h-adic topology of U if and only if for any n G N, there exists 
ken such that U n h'^V c n"f/. 

Proposition 3.3. Let V be an h-adic nonlocal vertex algebra and let U be a C[[h]]- 
submodule satisfying the conditions that 1 E U, U is Y-closed, and that the induced 
topology on U from V coincides with its own h-adic topology. In addition we assume that 
U is h-adically complete. Then U is an h-adic nonlocal vertex subalgebra ofV. 

Proof. Notice that as a submodule of V, U is torsion-free and separated. Since U is also 
fi-adically complete, U is topologically free. Let u,v & U and n G N. Prom assumption, 
there exists A; G N such that U n h'^V C /i"C/. With u,v eU (ZV and /c G N being fixed, 
there exists r G N such that UmV G h'^V for m > r. Then 

UmVeUn h^V C K^U for m>r. 

That is, 

Y{u + K'U,x){v + rt/) G {U/K'U){{x)). 
Furthermore, let w eV . By h-adic weak associativity, there exists I G N such that 

{xq + X2YY{u, Xq + X2)Y{v, X2)w = {xq + a;2)'F(F(M, xo)v, X2)w (mod h'^V). 

Because U is F-closed and ^-adically complete, and because U fl h^V C h^U, we have 

{xq + X2yY{u, Xq + X2)Y{v, X2)w = {xq + X2) V(y(it, xo)v, X2)w (mod h^U). 

Now, {U., Y, 1) satisfies all the axioms for an ^-adic nonlocal vertex algebra. □ 

Definition 3.4. Let M be a C[[/i]]-module. For any C[[/i]]-submodule K, we define 

[K] = {w e M \ h'^w G K for some n G N}. (3.1) 

The following two lemmas are straightforward: 

Lemma 3.5. Let M be a C[[h]]-module and let K be a C[[h]]- submodule such that [K] ~ K. 
Then K fl WM — h^K for all n G N. In particular, the induced topology on K from M 
(with the h-adic topology) coincides with the h-adic topology of K. 
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Lemma 3.6. Let V be an h-adic nonlocal vertex algebra and let K be a Y -closed C[[h]]- 
submodule. Then both [K] and the h-adic completion K of K in V are Y -closed. 

Furthermore, we have: 

Proposition 3.7. Let V be an h-adic nonlocal vertex algebra and let K be a Y-closed 
C[[h]]-submodule containing 1. Then [K] = [K] and [K] is an h-adic nonlocal vertex 
subalgebra of V . 

Proof. Since [[K]] = [K], by Lemma [33] we have [K] n h^'V = h^'lK] for neN. Then [K] 
is /i-adically complete with respect to its only /i-adic topology. Then [K] is topologically 
free. From Lemma [33| [K] is F-closed. If we can prove [K] = [K], then by Proposition 

13.31 [K] is an ^-adic nonlocal vertex subalgebra of V. Let u G [K] . By definition, there 

exists A; G N such that h'^u G [K]. Furthermore, there exists a Cauchy sequence {an} in 
[K] with h^u as the limit. Then there exists r > 1 such that a„ — h'^u G h^V for n > r. 
As V is torsion-free, for each n > r, there exists uniquely 6„ G such that a„ = h^bn- 
As [[K]] = [K] and K^bn = an ^ [K], we have fe„ G [K] for n > r. Using the fact that V 
is torsion-free, we see that {&n}n>r is a Cauchy sequence in [K], converging to u. Thus 

u G [K]. This proves [K] = [K], concluding the proof. □ 

Now, let ?7 be a subset of an ^-adic nonlocal vertex algebra V. Let U^^'^ be the C[[^]]- 
span of [/ U {1} and then inductively define f/('^+^) for n > 1 to be the C[[/i]]-span of the 
vectors Umb for a, 6 G U^^\ m G Z. From definition we have 1 G U^^^ C ?7("+^) for n > 1. 
Set 



(3.2) 



and furthermore, set 



(U) = {U)° (the /i-adic completion). 



(3.3) 



We have: 



Proposition 3.8. Let V be an h-adic nonlocal vertex algebra and let U be a subset ofV. 
Then (U) is an h-adic nonlocal vertex subalgebra satisfying the condition that U C (U) 
and [{U)] = {U) . Furthermore, any h-adic nonlocal vertex subalgebra H, which satisfies 
the condition that U G H and [H] = H , contains (U). 

Proof. It follows from the definition that Un>if/^"'' is F-closed and contains {1} U U. 
Then the first assertion follows from Proposition 13.71 Let H be an ^-adic nonlocal vertex 
subalgebra such that [H] = H and U C H. Then U„>i?7''"^ C H. Furthermore, we have 

{Uy = [U„>it/(")] C [H] = H. 

Since [{U)"] = (f/)°, the induced topology on {U)° (from H or V) coincides with its own 
/i-adic topology. Then (U) C as if is /i-adically complete. □ 



17 



We shall need the following result later: 

Lemma 3.9. Let V be an h-adic nonlocal vertex algebra with a generating subset U in 
the sense that V = (U) and let (VT, IV) be a quasi V-module equipped with a C[[h]]-linear 
operator T> such that 

[D, Ywiu, x)] = -^Ywiu, x) for u E U. (3.4) 

Assume that w is a vector ofW such that Vw = 0. Then Y{v,x)w G ^[[a;]] for all v E V 
and the linear map (j) defined by (j){v) = v^iw for v E V is a V-module homomorphism. 

Proof. For every positive integer n, V/ h^V is a nonlocal vertex algebra over C and W/ h^W 
is a quasi (y/^"l^) -module. Set 

Kn = (Ufc>if/('^) + h''V)/hJ'V C V/fTV. 

It is clear that Kn is a nonlocal vertex subalgebra of V/h^V. Let (pn '■ Kn — )■ W/K^W be 
the map induced from 0. From |Li4j (Proposition 6.2), we have 

hJ'W for V e Uk>iU^''\ r>0 

and (pn is a /^n-module homomorphism, which amounts to 

(f){umv) = Um(j)iv) uiod k'^W ioT u, V E Uk>iU^''\ m E Z. 

As nn>ih"-W = 0, we have VrW = for -u G Uk>iU^^\ r > and 

(j){umv) = Um4>{v) for u,v E Uk>iU^''\ m G Z. 

Now, let u,v e [Ufc>if/('')]. There exists t G N such that h^u,h^v G Uk>iU^''\ Then 

h^VrW = for r > and fi?* (piumv) = h'^*^Um4>{v) for m G Z. 

Since W is torsion-free, we have VrW = for r > and (j){umv) = Um4>{v) for m G Z. 
Recall that (U) is the completion of [Uk>iU^''^]. Let u^^\v^^^ {i > 1) be sequences in 
[Uk>iU^''^, converging to u,v E V, respectively. We have 

vl'^w = for r > and (piu^^v'^^^) = m^V(^^^^) for > 1, ^ ^• 

From this we see that for every positive integer n, 

VrW G h"W for r > and (t>{umv) — Um<p{v) G ff'W for m G Z. 

Again as n„>i/i"iy = 0, we get 

VrW = for r > and (piumv) = Um4>{v) for m G Z. 

Now we have proved 

Y{v,x)w G V^[[x]], (piumv) = Um4>{v) for all u,v E {U), m E Z, 

as needed. □ 
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Let W he a topologically free C[[^]]-module and let A be a C-subspace of W. Notice 
that for any sequence {an}n>o in Sn>o'^"^"' ^ 

ln>0 J 

which is a C[[/i]]-submodule of W. 

Definition 3.10. Let A and B be subsets of an /i-adic nonlocal vertex algebra V. We 
say that the ordered pair {A, B) is h-adically S-local if for any a G A, b & B, there exists 

P(a,6;x) e ((C5) ® (CA) ® C((a;))) [[/l]]' C y®y®C((a;)))[[;i]] 

such that 

Y{a, Xi)Y{b, X2) ~ Y{x2, xi)P{a, b; X2 - Xi). (3.6) 

We say that a subset A of is h-adically S-local if {A, A) is /i-adically 5-local. 

We have the following technical result: 

Lemma 3.11. Let A and B be C-subspaces of V such that {A,B) is h-adically S-local. 
Then (A, 5^^)) and {A^^\ B) are h-adically S-local. 

Proof. From definition, there exists a C[[/i]]-module map 

S{x) : B[\h]]'®A\\h]]' ^ B\\h]]'®A[\h]]'®C{{x))\\h]] 

such that for a G A, b E B, 

Y{a, xi)Y{b, X2) ~ Y{x2, xi)S{x2 — xi){b a). (3.7) 

We have the maps 

S^^ix) : B[[h]y^A[[h]]'^B[[h]]' ^ B[[h]]'0A[[h]]'0B[[h]y®c{ixmh]], 
S'^ix) : B[[h]]'^B[[h]]'®A[[h]]' ^ B[[h]]'®B[[h]]'^A[[h]]'^ciixmh]]. 

Note that by Proposition 12.191 ( 13. 7p is equivalent to 

r(a, x)b = e''^Y{-x)S{-x){b O a). 

Let a E A, u,v E B. Using Lemma [2. 131 we get 

Y{a,x)Y{u,z)v ~ Y{z){l®Y{x)){S{z-x){u(g)a)(g)v) 

= Y{z){l (g) e''^Y{-x))S^^{-x){S{z -x){u®a)(^ v) 

= e'^^Yiz - x)(l ® Y{-x))S'^^{-x){S{z - x)(m ® a) ® v) 

~ e^^r(-x)(r(2) ® l)5^=^(-a;)(5(z -x){u®a)® v) 

~ e^^r(-x)(r(2) (g) l)S'^'^{-x){S{-x + z){u®a)(^ v) 
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in V^[[x^^, -2^"^]]. In view of Remark 12.181 we have 

Y{a, x)Y{u, z)v = e''^Y{-x){Y{z) ® l)S^'^{-x){S{-x + z){u ® a) ® v). 

It follows that is /i-adically iS-local. 

Similarly, for a,b E A, u E U, we have 

Y(Y{a,xo)b,x)u ~+ Y{a,xo + x)Y{b,x)u 

= Y{a,xo + x)e''^Y{-x)S{-x){u(^b) 
= e''^Y{a,xo)Y{-x)S{-x){u®b) 

~+ e"^F(-x)(l ® Y{xo))S''\-x - Xo){S{-x){u ® 6) ® a) 

in V^[[x^^, x"*^^]], which by Remark 12.181 implies 

Y{Y{a,xo)b,x)u = e''^Y{-x){l(8}Y{xo))S^^{-x - Xo){S{-x){u ® b) ® a). 

It follows that S) is n-adically 5-local. □ 

Now, we have (cf. [LiS], jUTW] ): 

Proposition 3.12. Let V be an h-adic nonlocal vertex algebra and let U be an h-adically 
S-local subset such that V = (U„,>if/''"^)[[/i]]'. Then V is an h-adic weak quantum vertex 
algebra. 

Proof. We must prove that as a subset of V is ^-adically iS-local. Because U is h- 
adically iS-local, it follows from Lemma [3.111 (and induction) that U„>if/''"^ is ^-adically 
iS-local. Let u,v eV. From assumption, we have 

u = ^a(i);i\ V = with a{i),b{3) G U„>i[/("). 

i>0 j>0 

For any i,j EN, there exists 

A,,,(x) e V^V^c{{x))[[h]] 

such that 

Y{a{i),Xi)Y{b{j),X2) ~ Y{x2, Xi)Aij{x2 - Xi). 

Notice that 

J2 AAx)h'+^ e V(g)V(g)C{ix))[[h]] 

and 

Y{u, Xi)Y{v, X2) ~ Y{x2, xi) j Aij{x2 - Xi) j . 
This proves that V is /i-adically 5-local. □ 
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Using the proof of Proposition 2.8 in |Li5j and Proposition 13. 12^ we immediately have: 

Proposition 3.13. Let V be an h-adic nonlocal vertex algebra, let U be an h-adically S- 
local subset, and let W be a V -module with e ^ W such that Yw{u, x)e G for u (zU . 

Set K = (U„>i?7W)[[;i]]' C V. Then Yw {v,x)e G ^[[x]] for all v ^ K. Furthermore, the 
C[[h]]-module map 9 : K ^ W , defined by 6{v) = f_ie for v E K , satisfies that 

(p{Y{u, x)v) = Yw{u, x)(p{v) for u,v E K. 

4 A general construction of h-adic quantum vertex 
algebras 

In this section we give a general construction of /i-adic nonlocal vertex algebras and h- 
adic weak quantum vertex algebras by using what we call ^-adic quasi-compatible sets of 
vertex operators on topologically free C[[/i]]-modules. 

We start by recalling from [Li4j (cf. |Li2] ) the general construction of nonlocal vertex 
algebras from quasi-compatible sets of formal vertex operators. Let be a vector space 
over C. Set 

= Hom(iy°, W\{x))). (4.1) 

The identity operator on W'^, denoted by Ivyo, is a typical element of £(W^), and the 
formal differential operator ^ is an endomorphism of SiW'^). 

Definition 4.1. An (ordered) sequence {ip^^\x), 7/'W(x)) in £{W°) is said to be quasi- 
compatible if there exists 7^ p{xi,X2) G C[xi,X2] such that 

( n Pixi,Xj)]i^^'\xi)---i^^''\xr)eRom{W^,W'^iix,,...,Xr.))). (4.2) 

Vl<j<i<r / 

A subset U of S{W^) is said to be quasi- compatible if every (ordered) finite sequence in U 
is quasi-compatible. We also define a notion of compatibility by assuming that p{xi,X2) 
is of the form [xi — X2)^ with A; G N. 

Assume that {a{x),h{x)) is a quasi compatible pair in £{W^). By definition, there 
exists 7^ p{xi^X2) G C[a;i,a;2] such that 

p{xi,X2)a{xi)h{x2) G Hom(iy°, W^{{xi, X2))). (4.3) 

Recall from jLi4] that 

Lxi,X2 '■ C=,(xi,X2) C((xi))((x2)) 

is the algebra-embedding that preserves each element of C[[xi,X2]], where C*(xi,X2) de- 
notes the algebra extension of C[[a;i,a;2]] by inverting every nonzero polynomial. We have 

i'x,xo{^/p{^o + x)) {vi^ii x)a{xi)h{x)) la-j^aj+a-Q G (Hom(iyO,iy°((a;))))((xo)). 
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Definition 4.2. Let {a{x),b{x)) be a quasi-compatible pair in £{W'^). Define a(x)„6(x) 
for n G Z, elements of SCW'^), in terms of generating function 

Y£{a{x),Xo)b{x) = a(x)„6(x)xQ 

by 

Y£{a{x),xo)b{x) = t^.,^.o(l/p(xo + {p{xi,x)a{xi)b{x)) \xj_=x+xo, 

where p{xi,X2) is any nonzero polynomial such that fl4.3p holds. 

A quasi-compatible subspace U of £(W^) is said to be Ys-closed if 

a(x)„6(x) G f/ for a(x),6(x) G [/, n G Z. (4.4) 

We have ([Lil], Theorem 2.19; cf. jLi2] ): 

Theorem 4.3. Let 6e a vector space over C and /et U he any quasi- compatible subset 
of £{W^). There exists a (unique) smallest Yg-closed quasi- compatible subspace (U) of 
£{W^), containing U and lw°, CL'i^d ((f/), 1^:, Ipi/o) carries the structure of a nonlocal 
vertex algebra with U as a generating subset and is a quasi-module for (U) with 
Ywo{a{x),XQ) = a{xQ) for a{x) G {U) . Furthermore, if U is compatible, W'^ is a module 
for {U). 

Definition 4.4. Let W'^ be a vector space over C. A subset U of SiW'^) is said to be 5- 
localii for any a{x),b{x) G U, there exist a*^*)(x), G U, fi{x) G C{{x)) {i = 1, . . . ,r) 

such that 

r 

{xi - X2)''a{xi)b{x2) = (xi - X2)^ ^*^^2 " Xi)b^'\x2)a^'\xi) (4.5) 

1=1 

for some A; G N. 

From |Li4] (Lemma 3.2), every iS-local subset of SCW'^) is quasi compatible. In fact, 
the same proof shows that every 5-local subset is compatible. Furthermore, we have (see 
|Li4] . Theorem 5.8): 

Theorem 4.5. Let be a vector space over C and let U be an S-local subset of £{W^). 
Then the nonlocal vertex algebra (U) generated by U is a weak quantum vertex algebra 
with W*^ as a faithful module. 

Now, let be a C[[^]]-module. Recall from Section 2 that £n{W) is the C[[^]]- 
submodule of (Endiy)[[x, x""*^]], consisting of each a{x) = X^mez '^^^"'""^ satisfying the 
condition that for any w & W, n G N, there exists k E'L such that 

amW G h^W for m> k. 
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For the rest of this section we assume that W = W^[[h]] is a fixed topologically free 
C[[h]]-module. Then W is torsion-free, separated in the sense that n„>i/i"H^ = 0, and 
/i-adically complete. We have the following projective inverse system 

^ w/hw w/h^w <- w/h^w < (4.6) 

(equipped with the canonical maps from W/K^^^W to W/hPW for n > 0) with W as an 
inverse limit. Let F be an endomorphism of W . For every nonnegative integer n, F gives 
rise to an endomorphism F^ of W/h^W . Then we have an endomorphism {-F„} of the 
projective inverse system (14. 6p . Conversely, given any endomorphism, a sequence {/„}, 
of the inverse system (14. 6p . we have an endomorphism / of W . 

The C[[/?-]]-module EndW^ can be naturally identified with (EndVr°)[[/i]] and we have 

(EndW^)[[x,x-^]] = {EYi<lW^)[[x,x-^]][[h]l 

which is topologically free. Furthermore, we have 

8rAW) = m')mi (4.7) 

which is also topologically free. 

Lemma 4.6. For a(x) E (EndW)[[x, x^^]], if hf'aiyx) E SniW) for some k E N, then 
a{x)ESn{W). 

Proof. For any n E N, w E W, with hf^a^x) E SniW), there exists q E Z such that 
h'^ttrnW E hf'~^"'W for m > q, where a{x) = ^^ez '^m-^"™"^- Since W is torsion-free, we 
have E h^W for m> q. This proves a{x) E £ji{W). □ 

Remark 4.7. For each n G N, we have a canonical C[[/?-]]-module map 

■■ (Endiy)[[x,x^^]] ^ {En<l{W/h^W))[[x,x-% (4.8) 
As W is torsion-free, we have 

ker^„ = K'{En<lW)[[x,x-% 

Recall from Section 2 that an element a{x) of (Endiy)[[x, lies in £ri(W) if and only 
if 7f„(a(a;)) E EiW/lfW) for G N. Then we have canonical C[[/i]]- module maps 

Tin ■■ £n{W) EiW/K'W) (4.9) 

for n G N, where by Lemma 14.61 

ker7r„ = SniW) n r(EndW^)[[a;, x"^]] = ^^(1^). (4.10) 

For every n G N, we have a canonical C[[/i]]-module map 

On : S{W/h''+^W) -> S{W/h''W). 
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We have the following projective inverse system 

^ £{W/hW) ^ £{W/h^W) ^ £{W/ffW) < (4.11) 

with Sn{W) equipped with C[[/i]]-module maps 7r„ as an inverse limit. Then for any 
sequence {ipnix)} with ipn{x) G £{W /W'W) for n G N, satisfying the condition that 
= 'ipnix), there exists a unique %Ij{x) G EniW) such that 7r„(-?/'(x)) = ipn^x) for 

n G N. 

Definition 4.8. A finite sequence a^(x), . . . , a^(x) in £ri{W) is said to be h-adically 
quasi- compatible if for every positive integer n, the sequence 7r„(a"^(a;)), . . . ,nn{a^{x)) in 
S{W/K"'W) is quasi-compatible. A subset U of Sfi{W) is said to be h-adically quasi- 
compatible if every finite sequence in U is ^-adically quasi-compatible. Correspondingly, 
we define notions of h-adically compatible sequence and h-adically compatible subset. 

Let r be a positive integer. For each G N, we have a canonical C[[^]]-module map 
: iEndW)[[xf\...,xf^]] ^ iEnd{W/h''W))[[xf\ . . . , xf% 
where fin^ = 7r„ defined in (14. 8p . We also have a canonical C[[fl]]-module map: 

el:^ : (End(Vr/r+iVr))[[xf\ . . . ]] -> (End(H^/riy))[[xf \ . . . ]]. 
It is clear that for n G N, 

^i'"^ = ^l'"^°^Si- (4.12) 
For any vector space U over C, we set 

£«([/) = Eom{U,U{{xi,...,Xr))), (4.13) 
which is naturally a C((a:i, . . . , Xr))-module. 

Definition 4.9. Let r be a positive integer. For every n G N, define Sn\w) to be the 
C[[/i]]-submodule of (EndH^)[[a;^^, . . . , xf^]], consisting of each formal series 



^{xi,...,Xr)= ^ ^{mi,...,mr)x^ 



mi-1 ^-nir-l 



mi,...,mr(i 



satisfying the condition that 

n^:\i^ix^,...,Xr))e£^'\W/h^W), 
or equivalently, for every w G W, there exists A; G Z such that 

ip{mi, . . . , mr)w G h^W whenever rrii > k for some 1 < i < r. 
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We see that Sn\w) are also C((xi, . . . , a;r))-modules and we have 

Si[\w) D Si^\w) ■ ■ ■ D Si^\W) D S^:UW) D ■ ■ ■ . 

In terms oi£i''\W), a sequence 'ip^ix), . . . (x) in £fi{W) is /i-adically quasi-compatible 
if and only if for every n G N, there exists 7^ p{x, y) G C[x, y\ such that 

n I ^\X,) ■ ■ -r^Xr) G 8!^\W). 

\l<i<j<r J 



Generalizing the maps 7r„ and we have canonical C[[/i]]-module maps for G N: 
which satisfy 



Set 

= n„>i£:W(l^) C (Endiy)[[xf\ . . .,xf% (4.14) 

Note that if (a(x),6(x)) is an /i-adically quasi-compatible pair in EfiiW)^ then for 
every n G N, (7r„(a(x)), 7r„(6(a;))) is a quasi-compatible pair in £{W/h"'W) and hence 
7r„(a(x))mVr„(6(x)) are defined for all m G Z. 

Lemma 4.10. Lei {a{x),b{x)) be an h-adically quasi- compatible pair in Sh{W). We have 
dn+i (7r„+i(a(x))m7rn+i(6(x))) = 7r„(a(x))m7r„(6(x)) (4.15) 
for n G N, m G Z. 

Proof. For any fixed n G N, let p{x,y) G C[x,?/] be a nonzero polynomial such that 

p{xi,X2)a{x,)b{x2) G Sj^liW) C (W^). 

From Definition 14. 2[ we have 

p(xo + X, x)F£(7r„(a(x)), Xo)7r„(&(x)) = (p(xi, x)7r„(a(xi))7r„(6(x))) Ui=x+xo, 

= TT^^) (p(xi, x)a(a;i)6(x)) Ui=a;+xo, 

p{Xo + X, x)Y£{7!-n+l{a{x)) , Xo)'Kn+l{b{x)) = (p(xi , x)7r„+i (a(xi ) )7r„+i (6(x) ) ) Ui=x+xo 

= TTnli {p{Xl, x)a{Xi)b{x))) Ui=x+xo- 

With (|4A2|) it follows that 

p{xo + x,x)F£(7r„(a(x)),xo)7r„(6(x)) = p(xo + x,x)9n+i (F£-(7r„+i(a(x)), xo)7r„+i(6(x))) , 
which implies 

Y£{nn{a{x)),xo)iTn{b{x)) = 9n+i (F£(7r„+i(a(x)),xo)vr„+i(6(x))) , 
as desired. □ 
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Using Lemma [4.1UI we define the following partial operations on SuCW): 

Definition 4.11. Let (a(x), b{x)) be an /i-adically quasi-compatible (order) pair in £fi{W). 
For m G Z, we define 

a{x)mb{x) = lim7r„(a(a;))„7r„(6(x)) G Sri{W). (4.16) 
Form the generating function 

Ye{a{x),Xo)b{x) = ^(a(x)„Ka;))^o (4-17) 

From definition, for every positive integer n we have 

7r„(a(x)„6(x)) = 7r„(a(x))„7r„(6(x)) (4.18) 

for m G Z. Namely, 

7in(Ys{a{x),xo)b{x)) = y^:(7r„(a(x)), xo)7r„(6(a;)). (4.19) 

Recall that sj:^\w) consists of each ijj{xi,X2) G (Endiy)[[x^^, x^^]], such that for 
every n G N, G S^^'^{W/h''W). 

Proposition 4.12. Let a{x),b{x) G Sfi{W). Assume that there exists p{xi,X2,h) G 
C[a;i, a;2, h] with p{xi, X2,0) ^ such that 

p{xi, X2, h)a{xi)b{x2) G Sj:^\W). 
Then {a{x),b{x)) is h-adically quasi- compatible and 

Y£{a{x), xo)b{x) = Lx,XQ,h{^/p{xo + x, x, K)) {p{xi, x, h)a{xi)b{x)) \ 
Proof. Set 

/(xi, X2) = p(xi, X2, 0) G C[xi, X2], A = p{xi,X2, h)a{xi)b{x2) G ^(IV). 

Then 

p(Xi, X2, /i) = /(xi, X2) - hg{xi,X2, h) 
for some 5'(xi, X2, ^) G C[xi, X2, /i]. We have 

a(Xi)6(x2) = Lx^^x2,h{'^/P{XI^X2,K))A = ^i^,,^.2(/(xi,X2)"^"^)fi'(Xi,X2,/l)^^^A. 

fc>0 

For any positive integer n, we have 

n-l 

/(xi,X2)"a(xi)6(x2) = ^/(xi,X2)''~''~^^(xi,X2,^)''/i''A modr(EndW^)[[x^\x^^]], 

fc=0 
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so that 



7^(2) (/(xi,X2)"a(xi)6(x2)) G E^^XW/K'W), (4.20) 

as 7rl^''(y4) G S^'^\W/h"'W). This proves that (a(x),6(x)) is /i-adically quasi-compatible. 
Furthermore, for n G N we have 

f{xo + x,xy'nn(Yg{a{x),xo)b{x)) = (/(xi, x)"7r„(a(xi))7r„(6(x))) \xi=x2+xo 

Then 

= T^n^ Lx,xo,h{p{xo + X, X, h)'^f{xo + X, x)~'^){p{xi, X, h)f{xi, x)'^a{xi)b{x))\x^=x+XQ 
= T^n^ i^x,xo,h{p{xo + X, X, hy^f{xo + X, x)"")p(xo + X, X, h){f{xi, x)''a{xi)b{x))\x^=x+x^ 
= ix,xo,hifixo + x,xy)7r^^\f{xi,x)"'a{xi)b{x))\x^=x+xo 
= 7r„, (F£-(a(x),Xo)&(x)) , 

from which the second part follows. □ 
An /i-adically quasi-compatible C[[^]]-submodule K of SniW) is said to be Yg-closed if 

a{x)mb{x) G K for a{x),b{x) G K, m G Z. 

Proposition 4.13. Let V be a Y^-closed h-adically quasi- compatible C[[h]]-submodule 
of SriiW), containing Iw Suppose that [V] = V and V is h-adically complete. Then 
(y,Y£, carries the structure of an h-adic nonlocal vertex algebra and W is a faithful 
quasi V -module with Yw{a{x),XQ) = a{xo) for a{x) G V. Furthermore, ifV is h-adically 
compatible, W is a module (instead of a quasi module). 

Proof. Recall that StiiW) is topologically free. As a submodule of SniW), V is torsion-free 
and separated. Being assumed to be /i-adically complete, V is topologically free. For any 
G N, as 7r„(a(x))mVr„(6(x)) = 7r„(a(a;)m6(x)) for a{x),b{x) G V, m G Z, we see that 
TiniV) is a Ff-closed quasi-compatible C[[/),]]-submodule of S(W/h"'W), containing Iw- It 
follows from Theorem 14.31 that vr„(l^) is a nonlocal vertex algebra over C with W/h"'W as 
a quasi module. 

Now we prove that the map tt^ from V to vr„(V") reduces to a C[[/i]] -isomorphism from 
V/h^'V onto vr„(y), so that V/h^V is a nonlocal vertex algebra over C. Let a(x) G be 
such that 7r„(a(a;)) = in SiW/h^'W). Then a{x)W C h^^W^x^x^^ So a{x) = h^^b^x) 
for some b{x) G (Endiy)[[a;, a;""^]]. By Lemma l46l b{x) G SniW). Then we have b{x) G 
[V] = V. Thus a{x) = h^b{x) G h^V. This proves that V fl kerTTn = h^V, which implies 
V/h"-'V ^ vr„(y) C £{W/h^W). Consequently, V/h"V is a nonlocal vertex algebra over 
C. By Propositions 12.111 and 12.241 V is an h-adic nonlocal vertex algebra with as a 
quasi \^-module. The last part follows from Theorem 14.31 and Proposition I2.24[ □ 
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For convenience, we call any ^-adic nonlocal vertex algebra V in Proposition 14.131 an 
h-adic nonlocal vertex suhalgehra of Sfi{W). 

Lemma 4.14. Let U be an h-adically quasi- compatible C[[f\}\\-submodule of £h{W). Then 
[U] is h-adically quasi- compatible. If U is Yg-closed, so is \U]. 

Proof. Notice that \U] C EriiW) by Lemma 14. 6[ As W is torsion-free, for any w G 
s,n E N, the relation h^w G h^~^^W implies w G hJ^W. Furthermore, for ip G 
{EndW)[[xf\ . . .,xt% s,n G N, the relation h'ljj G si+siW) implies ^/j G £!{\w). Let 
a^(x), . . . , a^i^x) G [U]. There exists k E N such that h^a\x) G t/ for i = 1, . . . , r. As the 
sequence h^a^{x), . . . , h^a'^{x) in U is ^-adically quasi-compatible, for every n G N, there 
exists 7^ p{x, y) G C[x, y] such that 

\l<j<jr<r / 

which gives 

( n P{xr.x,)]a\xi)---a''{xr)e£^:\W). 

\l<i<j<r J 

This proves that the sequence a^(x), . . . , a^(x) is /i-adically quasi-compatible. Therefore, 
\U] is /i-adically quasi-compatible. 

Assume that U is F^:-closed. Let a{x),h{x) G [f/], m G Z. By definition, there exists 
A; G N such that h''a{x), h}'h{x) G f/. Then 

n2'=(a(x)„6(x)) = {h''a{x))^{h%{x)) G t/. 

Thus a(x)m&(a;) G [f/]. This proves that \U] is F^-closed. □ 

Theorem 4.15. Let K be a maximal h-adically quasi- compatible <C\\fi}^-submodule of 
EfiiW). Then [K] = K , K is h-adically topologically free and Yg-closed. Furthermore, 
{K, Y^, liy) carries the structure of an h-adic nonlocal vertex algebra with W as a quasi 
module with YiY{a{x),Xo) = a(xo) for a{x) & K. If K is h-adically compatible, W is a 
module (instead of a quasi module). 

Proof. By Lemma 14.141 [K] is /i-adically quasi-compatible. As K is maximal, we have 
[K] C K. Thus [K] = K. Let a{x),h{x) e K, m e Z. For every n e N, 7in{K) is quasi- 
compatible, then by Theorem 14.31 vr„(i^') generates a nonlocal vertex algebra {TTn{K)) 
over C and we have 

TTniK + Ca{x)mb{x)) = TTn^K) + C7r„ (a(x) )„7r„ ) C (vr„(ir)), 

a quasi-compatible C-subspace of £{W /h^W). This proves that K + Ca(x)m6(x) is h- 
adically quasi-compatible in EjiiW). Again, with K maximal, we have a{x)mb{x) G K. 
Thus K is Y^-closed. Now, let {ipmix)} be a sequence in K, satisfying the condition that 
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for any r > 0, there exists k > such that ipmi^) — 'ipni^) G h^K whenever m,n > 
k. Since SfiiW) is ^-adically complete, the sequence {i'mix)} has a hmit, say ip{x), in 
£fi(W). For any n G N, there exists m G N such that — ip{x) G Jf^SjiiW), which 

imphes 7rn{ipm{x)) = 7in{ip{x)). Thus 7r„(V'(x)) = Tini'ipmix)) G 7rn(-ft'). Consequently, 
Tin{K + C-?/'(x)) C 7r„(ir), which is quasi-compatible. This proves that K + <Cil){x) is 
/i-adically quasi-compatible in and then it follows that il){x) G K. Thus is 

/i-adically complete, so that it is topologically free. Now, in view of Proposition 14. 13^ K 
is an /i-adic nonlocal vertex algebra with as a quasi module. Furthermore, is a 
module if K is /i-adically compatible. □ 

Now, let U be an /i-adically quasi-compatible subset of £h{W). In view of Zorn's 
lemma, there exists a maximal ^-adically quasi-compatible C[[/i]]-submodule K of EjiiW), 
containing U and Iw Set f/^^^ = C[[h]]U + C[[/i]]lvy- Define f/^^^ to be the C[[/i]]-span 
of the vectors a{x)mb{x) for a{x)^h{x) G f/*'^-', m & "L. Since is Y^-closed by Theorem 
ESI U^'^'^ C Then f/^^) is /i-adically quasi-compatible. For n > 1, we inductively 
define f/("+i) = (f/("))(2). In this way, we obtain an increasing sequence of ^-adically 
quasi-compatible C[[^]]-submodules: 

f/(i) c c f/(3) c ■ ■ ■ . 

Set 

(f/)" = {a(x) G ^s(W^) I h^a{x) G U„>2f/^") for some k > 1}. (4.21) 

That is, {Uy = [U„>2?7("^]. In view of Lemma 13.51 we have 

{Uy n ni'SniW) = K^iUy for n>l. (4.22) 

In particular, the induced topology of {U)° from SniW) coincides with the h-adic topology 
of {U)°. Then we define (U) to be the ^-adic completion of {U)°. 

Theorem 4.16. Let U he an h-adically quasi- compatible subset of £j^{W). Then [{U)] = 
(U) , {U) is topologically free, h-adically quasi- compatible, andY^-closed, and {{U),Y£,1\y) 
carries the structure of an h-adic nonlocal vertex algebra and W is a faithful quasi (U)- 
module with Yw{a{x),XQ) = a{xo) for a{x) G (U) . Furthermore, for any h-adic nonlocal 
vertex subalgebra V of £ri{W), containing U, such that [V] = V, we have {U) C V. 

Proof. To prove [{U)] = {U), let a{x) G [{U)]. By definition, a{x) G Sh(W) and there 
exists k > such that h^a(x) G {U). As (f/) is the h-&.dic completion of there exists 
a Cauchy sequence {ipmix)} in (f/)° with h^a{x) as a limit. There exists r > 1 such that 

il)m{x) - h^a{x) G h'^SniW) for m > r. 

Then ipmix) G h''Sfi{W) for m > r. Set i'mix) = h^(f>m{x) for m > r with 0m(x) G Sfi{W). 
Noticing that [{Uy] = {U)°, we have 4>m{x) G (U)" for m > r. We see that {4>m{x)}m>r 
is a Cauchy sequence in (f/)° with a{x) as a limit. Thus a{x) G (f/). This proves 
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[([/)] = {U). As {U) is torsion-free, separated, and ^-adically complete by definition, (f/) 
is topologically free. It follows from definition that U„>2f/''"^ is /i-adically quasi-compatible 
and F^-closed. By Lemma SH {U)° (= [U„>2f/("^]) is /i-adically quasi-compatible and 
If-closed. Let ipi{x), . . . ,0r(a;) be a sequence in {U) and let n be any positive integer. 
For 1 < z < r, there exists a sequence {ipim^x)} in (?7)°, which converges to ipi{x). Let k 
be a positive integer such that 

ipim{x) - ipi{x) e JfSriiW) for 1 < i < r, m> k. 

As {U)° is ^-adically quasi-compatible, there exists ^ p{x,y) G C[x,y] such that 

VTn [ II Pix,,x,) J 0ifc(xi) ■ ■ G Hom((W^/riy), . . .,Xr))). 



Then 



r„ I II p{xi,Xj) I (f)i{xi) 

\l<i<j<r / 



7r„| II pix,,x,) \Mxi)---Mxr)eRom{{W/hJ'W),iW/h"W)iixi,...,Xr))). 

This proves that ipi{x), . . . ,(j)r{x) is /i-adically quasi-compatible. It follows from Lemma 
13.61 that {U) is Y^-closed. Now, by Proposition 14.131 (([/), l^, Ivk) carries the structure 
of an h-adic nonlocal vertex algebra and is a faithful quasi ([/)-module. Let V be 
an h-adic nonlocal vertex subalgebra of £h{W) satisfying the condition that U dV and 
\V] = V. It is straightforward to see that (U) G V. □ 

For a topologically free C[[^]]-module W, we say a subset T spans W h-adically if 
W = {CT)[[h]]'. The following is an ^-adic version of ( |Li4] . Theorem 6.3) which is an 
analogue of a theorem of Frenkel-Kac-Radual-Wang |FKRW] and of Muerman-Primc |MP] 

(cf. my- 

Theorem 4.17. Let V be a topologically free C[[h]]-module, U a subset ofV,la vector 
inVjVa cHHW-module endomorphism ofV, and Y'^ a map 



Y° -.U ^ Sn{Vy, u ^ Y\u, x) = u{x) = ^ 



^mX 



Assume that all the following conditions hold: 

VI = 0, (4.23) 
Y%u,x)l eV\\x]] and \imY%u, x)l = u, (4.24) 

[D, Y%u, x)] = -^y^u, x) for u E U, (4.25) 

U{x) = {u{x) \ u E U} is h-adically compatible, and V is h-adically spanned by vectors 

(4-26) 
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for r > 0, u^^^ G U, nii E Z. In addition we assume that there exists a C[[h]]-module 
morphism ip from V to {U{x)) C ShiV) such that ipi'^) = ly ^'''^d 

ip{umv) = u{x)m'ip{v) for u E U, V E V, m E I.. (4.27) 

Then F° extends uniquely to a C[[h]]-module map Y from V to Sn{V) such that (y,Y, 1) 
carries the structure of an h-adic nonlocal vertex algebra. 

Proof. The uniqueness is obvious, so it remains to establish the existence. As U{x) is 
an ^-adically compatible subset of S}i{V), by Theorem 14.161 we have an fi-adic nonlocal 
vertex algebra {U{x)) with \^ as a faithful (f/(a;))-module where Yv{a{x),xo) = a{xo) for 
a{x) G {U{x)). For u E U, we have 

Yviu{x), Xo)l = u{xo)l e V[[xo]], 

[D,Yv{u{x),xo)] = [V,Y\u,xo)] = -^Y\u,Xo) = -^Yy{u{x),Xo). 

By Lemma 13.9^ the map </> from {U{x)) to V, defined by (j){a{x)) = Res^x~^a(x)l, is 
a {U{x)) -module homomorphism. We see that 0(ly) = 1 and that for u E U, a{x) G 
{U{x)), 

(f){Y£{u{x) , xo)a{x)) = Yy{u{x) , xo)(j){a{x)) = ■u(xo)0(a(a;)), 
which amounts to 

(j){u{x)mCi{x)) = u„^(f){a{x)) for m G Z. 

It follows that (f) o ip = ly. Thus ip is a C[[/i]]-module isomorphism from V onto ip{V) G 
{U{x)). For u E U, we have 

ip(u) = ip{u-il) = u{x)-ilv = u{x) and (j){u{x)) = (f){ip{u)) = u. 

Inside {U{x)), ipiV) is /i-adically spanned by vectors 

u'-^\x)mi ■ ■■U^''\x)mAv 

for r > 0, u^*) eU, rrii e Z. 

For a G we define Y{a,x) G (Endl^)[[x, x"^]]] by 

Y{a,xo)b = (f){Y£{ilj{a){x),xo)tlj{b){x)) for b E V. 

As </) is a (f/(a;))-module homomorphism with o = 1, we have 

Y{a,xo)b = Yy{tlj{a){x),xo)b = tp{a){xo)b, 

so that Y{a,x) = ip{a){x) G SriiV). In particular, for u E U, 

Y{u, xo) = Yy{tp{u),xo) = Yy{u{x), xq) = u{xo) = Y°{u, Xo), 
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so the map Y extends Yq. For v G V, we have 



Y{l,xo)v = Yv{lv,xo)v = lv{v) = v, 



Y{v,Xo)l = Yv{ij{v){x),Xo)l e V[[xo]] 



and 




hm Y{v,Xo)l = hm Yv{ip{v){x),Xo)l = (pi^ipiy)) = v. 



To prove that (V", Y, 1) is an h-adic nonlocal vertex algebra, we show that for every positive 
integer n, V/h^V with the reduced structures is a nonlocal vertex algebra over C. For 
any n > 1, (U {x)) / ff" iJJ {x)) is a nonlocal vertex algebra over C and reduces to a 
homomorphism from {U (x)) / h"' {U (x)) to V/fi^V. On the other hand, the map ip 
reduces to a map from V/K^V to {U (x)) / h"- {U (x)) such that o ■?/; = 1. We see 
that the image ip{V) of ip{V) in {U {x)) / (U {x)) is a nonlocal vertex subalgebra and 
il^iy) ~ V/fT'V through the maps and -0. It follows that V/fi^V is a nonlocal vertex 
algebra over C. Therefore, (V, F, 1) is an /i-adic nonlocal vertex algebra. This establishes 
the existence, concluding the proof. □ 

Definition 4.18. Let W he a, topologically free C[[/l]]-module as before. We define a 
C[[/i]]-module map 



Lemma 4.19. Let a{x),h{x) G £h{W), B{x) G £k{W)®8n{W)®C{{x))[[n]] such that 

a{xi)h{x2) ~ Z{x2,xi){B{x)). 
Then (a(x),6(x)) is h-adically compatible and 
Ys{a{x),XQ)h{x) 



Z(xi,X2) : £n{W)®£n{W)®C{{x))[[h]] -> (EndW^)[[4\ ]] 



by 



Z{xi,X2){a{x) ® h{x) ® f\x)) = f{xi - X2)a{xi)b{x2). 



(4.28) 




) 



a{xi)b{x) — Xq 6 




) (4.29) 



Proof. By definition, for any positive integer n, there exists A; G N such that 



(Xi - X2)''7Tn{a{Xi))7Tn{b{x2)) = {Xi - X2)'' 7rl^\Z {X2, Xi){B{x))). 




^^^Z{x,x,){B{x)). 



Then it follows. 



□ 
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Definition 4.20. Let V be an ^-adic nonlocal vertex subalgebra of SniW). Define a 
C[[^]]-module map Y£{x2,Xi) from V(§V^C{{x))[[h]] to (EndV)[[xf\a;^^]] by 

Ye{x2,xi){a{x) ® b{x) ® f{x)) = f{x2 - x^)Ye{a{x),X2)Y£{b{x),Xi) (4.30) 

for a{x),b{x) e V, f{x) G C{{x))[[h]]. 

Lemma 4.21. Let V be an h-adic nonlocal vertex subalgebra of Sn{W), and let 

u{x),v{x) e V, A{x) e V(^V®C{{x))[[h]]. 

Suppose that 

u{xi)v{x2) ~ Z{x2,xi){A{x)) (4.31) 
tn {EndW)[[xf\xf^]]. Then 

Y£{u{x),Xi)Ye{v{x),X2) ~ Ye{x2,x,){A{x)) (4.32) 
zn {EndV)[[x^^,x^^]] and 

^x^-X2\ Y,{u{x),xi)Ye{v{x),X2)-Xo'6 f^l^] Ye{x2,x^){A{x)) 

= X2^S ( — — — ] Y£{Y£{u{x) , xo)v{x) , X2) . (4.33) 

\ X2 J 

Proof. Let n be a positive integer. We have a nonlocal vertex algebra vr„(y) C S{W/ K"'W) 
over C with ker 7r„ = V (iK^SfiiW) (= K^V). From assumption, there exists a nonnegative 
integer k such that 

{Xi - X2)''irn{u{xi))7Tn{v{x2)) = {xi - X2)^ Z{x2, Xi) (tT^ (^(2:) ) ) . 

From |Li4] (Proposition 3.13), we have 

(xi - X2)''F^(7r„(M(x)),Xi)Ff:(7r„(f(x)),X2) = (xi - X2)^l£-(x2, Xi)7r„(A(z)) 
as desired. □ 

Definition 4.22. A subset U oiErSyV^ is said to be h-adically S -local if for any a(x), b{x) G 
U, there exists A{x) G (Cf/ ^ CU (g) C{{x)))[[h]] such that 

a(xi)6(x2) ~ Z{x2,Xi){A{x)). (4.34) 

Lemma 4.23. Every h-adically S -local subset of Sri{W) is h-adically compatible. 

Proof. Let U be an /i-adically iS-local subset of Sii{W). For every positive integer n, we 
see that 7r„(c[[/l]]f/) is an 5-local subset of £{W/h'^W), so that 7rn(c[[/i]]f/) is compatible. 
By definition, C[[/i]]t/ is an /i-adically compatible subset of £ji{W). Thus U is an fi-adically 
compatible subset. □ 
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The following is a refinement of Theorem 14.171 (cf. |Li5j . Theorem 2.9): 

Theorem 4.24. Let V be a topologically free C[[h]]-module, U a subset of V , 1 a vector 
in V, and y° a map 

-.U ^ SniV); u ^ Y\u, x) = u{x) = ^ u^a;-'"-^ 

Assume that all the following conditions hold: 

Y^\u,x)l E VUx]] and \imY°{u,x)l = u for u e U, (4.35) 

x—^0 

U{x) = {u{x) \ u E U} is h-adically S -local, and V is h-adically spanned by vectors 

(4-36) 

for r > 0, u*^*-* E U, rui E Z. In addition we assume that there exists a C[[h]] -module 
morphism ip from V to {U{x)) C Sniy) such that ipi^l) = ly and 

ip{umv) = u{x)m'ip{v) for u E U, V E V, m E Z. (4.37) 

Then the map y° extends uniquely to a C[[h]]-module map Y from V to Sri{V) such that 
(V, Y, 1) carries the structure of an h-adic weak quantum vertex algebra. 

Proof. We shall slightly modify the proof of Theorem I4.17[ By Lemma 14.231 U{x) is 
/i-adically compatible, so it generates an h-adic nonlocal vertex algebra {U{x)). Set 

K = (U„>if/(x)("))[[;i]]' C (f/(x)) C SniV). 

By Proposition 13. 13^ we have a C[[^]]-map (p : K V such that 

(f>{lv) = 1, (p{u{x)na{x)) = Un4>{a{x)) for u E U, n E Z, a(x) E K. 

Then continue with the proof of Theorem 14. 171 to see that Y^ extends uniquely to a C[[/l]]- 
module map Y from V to EhiY) such that (V, F, 1) carries the structure of an /i-adic 
nonlocal vertex algebra. From Lemma 14. 21^ U is an ^-adically iS-local subset of V and 
then by Proposition 13.121 V is an /i-adic weak quantum vertex algebra. □ 

Notice that compared with the corresponding theorem in |FKRWj and |MP] . Theorems 
14 . 1 71 and 14. 241 have an extra assumption on the existence of the map 'ip- By using classical 
linear algebra, it is not hard to see that in the general noncommutative situation, an 
assumption like this is indeed necessary. This assumption means that is a universal 
vacuum module for a certain algebra. 

The following results are companions in practical applications: 

Lemma 4.25. Let U be a subset ofSniW) satisfying the condition that for a{x) , b{x) E U , 
there exist B{z) E {CU (g) CU C{{x)))[[h]] andp{x,h) E C[x,h] withp{x,0) ^ such that 

p{xi — X2, h)a{xi)b{x2) = p{xi — X2, h)Z{x2, xi){B{x)). (4.38) 
Then U is h-adically S -local. 
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Proof. Let a{x), b{x) G U. By assumption there exist B and p{x, K) with all the assumed 
properties. With 0) 7^ 0, we have p{x,h) = f\x) — hg{x,h), where 7^ f{x) G 
C[x], g{x, h) G C[a;, ti\. Expand p{x, h)~^ in the nonnegative powers of h as follows 

p{x,h)-' = j2fi^r'''9{x,firK' e c{ix))m], 

i>0 

where /(a;)~*~^ is understood as an element of C((x)). Let n be a positive integer. Then 

n-l 

p{x, h)-^ = J2 fi^y^^'gix, hyw (mod rc((5 



i=0 

Let /c be a nonnegative integer such that x^f{x)^"' G C[[a:;]], so that 

(xi - X2) - X2y^~" = {-X2 + Xi)''f{-X2 + xi)-^-' for alH = 0, . . . , n - 1. 
Set A = p{xi — X2, ll)a{xi)b{x2), the common quantity of both sides of (14.381) . We have 
{xi - X2)^a{xi)b{x2) 

= {Xi - X2)^p{xi - X2,h)~^A 

(xi - X2)'' ^ f{xi - X2y^~'g{xi - X2, hyW 1 A (mod 
j=o / 

n-l 

= {-X2 + xif ^ f{,-X2 + xiY^''g{-X2 + xi, hyKA 

i=0 

= {-X2 + xi)'''^f{-X2 + xiy^''g{-X2 + xuhyh'A (modn") 

i>0 

= {-X2+Xi)''Z{x2,Xi)B{x). 

This proves 

a{xi)b{x2) ~ Z(x2,a;i)i?(x). 
Thus ?7 is ^-adically iS-local. □ 

Proposition 4.26. Let V be an h-adic nonlocal vertex subalgebra of Sri{W). Suppose that 
a{x),b{x) G V, B{x) G V ®V ®C{{x))\[h]] , andp{x,h) G C[x,h] withp{x,0) ^ satisfy 

p{xi - X2, h)a{xi)b{x2) = p{xi - X2, h)Z{x2, Xi){B{x)). (4.39) 

Then 

p{xi - X2,h)Y£{a{x),Xi)Y£{b{x),X2) = p{xi - X2, h)Y£{x2, Xi){B{x)). (4.40) 
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Proof. In view of Lemma \4.25\ we have 

a{xi)b{x2) ~ Z{x2,Xi){B{x)). 
Furthermore, by Lemma [4.211 we have 

lf(a(x), xi)Y£{b{x), X2) ~ Y£{x2, xi){B{x)). 
Then the following Jacobi identity holds: 

1^ / xi — X2 \ Y^{a{x),Xi)Y£{b{x),X2) - Xq'^6 I — — — ] Y£{x2, Xi){B{x)) 
\ Xo J \ -xo ) 

= x];^5 ^ ^2 + ^0 ^ Y£(Y£{a{x),xo)b{x),X2). 

By Proposition 14.121 we have 

p{xo,h)Y£{a{x),xo)b{x) = {p{xi - x, h)a{xi)b{x)) Ui=x+xo, 

which involves only nonnegative integer powers of xq. Multiplying the both sides of the 
Jacobi identity by p{xo, h), and then applying Res^o we obtain the desired identity. □ 

We also have: 

Proposition 4.27. Let W be given as before and let V be an h-adic nonlocal vertex 
subalgebra of Ef^iW) such that V is h-adically compatible, and let 

mei, M(x),f(x),c°(x),c^(x), ■ ■ ■ e V, A{x) eV®V®c{{x))[[h]] 

satisfying the condition that for every positive integer n, there exists a nonnegative integer 
r such that c^{x) G h"-V for j > r. Suppose that 

{Xi - X2)"^u{Xi)v{x2) - {-X2 + Xi)™Z(x2, Xi){A{x)) 



j>0 



Then 



{Xi- X2)"'Y£{u{x),Xi)Y£{v{x),X2) - {-X2 + Xi)'^Y£{x2,Xi){A{x)) 



5^r,(c'(x),X2)i (iry^2'S ) . (4.42) 



j>0 



Proof. Since V is /i-adically compatible, IV is a faithful l^-module with Yw{a{x),xo) = 
a{xo) for a{x) G V. Then it follows immediately from Proposition 12.251 □ 



36 



5 /i- deformations of quantum vertex algebras Vq 

In this section we construct a family of h-adic quantum vertex algebras as /i-deformations 
of certain quantum vertex algebras which were studied in [KLj . One special case gives 
rise to an /i-deformed /37-system, while another special case gives rise to an /i-deformation 
of the vertex operator superalgebra Vl associated to the rank-one lattice L = Za with 
(a, a) = 1. We essentially deal with the same algebras as in |KL] with a formal parameter 
h, instead of a nonzero complex number q. 

We first recall the quantum vertex algebras of Zamolodchikov-Faddeev type from |KL] . 
Let I be a positive integer and let Q = {qij)[ j^i be a complex matrix such that 

qijqji = l forl<z,j</. (5.1) 

Define to be the associative algebra with identity (over C) with generators 

Xi^n, Yi^n {i = l,...,l, n ei), 

subject to relations 

for 1 < i, j < I, m,n E Z. A vector w in an ^q-module is called a vacuum vector if 

Xi^nW = Yi^nW = for 1 < i < /, n > 0, 

and an ^q-module W equipped with a vacuum vector that generates W is called a vacuum 
AQ-module. 

Let Jq be the left ideal of Aq, generated by Xj^„, Yi^n (1 < < ^, ''^ > 0), that is, 

I 

i=l n>0 

Set 

Vq = Aq/Jq, (5.3) 

a left ^Q-module, and set 

1 = 1 + Jq G Vq. 

Then 1 is a vacuum vector and Vq equipped with 1 is a vacuum ^Q-module. For I < i < I, 

set 

M»=X,,_il, i;« = G Vq (5.4) 

and set 

X,{x) = 5^X,,„x-"-\ Y,{x) = Y,Y^,nX-''-' G Aq[[x,x-% (5.5) 

rtGZ n£Z 
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It was proved therein that there exists a unique quantum vertex algebra structure on Vq 
with 1 as the vacuum vector and with 

Y{u'-'\x) = Xi{x), Y{v'^'\ x) = Yi{x) for 1 < i < /. 

It was also proved that Vq is nondegenerate. 

Next, we are going to construct a family of h-adic quantum vertex algebras by de- 
forming Vq. For this purpose we shall need the following notion (cf. |Li3] ): 

Definition 5.1. Let V be a general nonlocal vertex algebra. An h-adic pseudo-endomorphism 
of y is a linear map 

^{x) : V {V ® C{{x)))[[h]] 
satisfying the condition that <l>(x)l = 1 ® 1, 

(^{xi)Y{v,X2) = Y{(^{xi - X2)v,X2)^{xi) for f G V, (5.6) 

where the map Y is canonically extended. An /i-adic pseudo-endomorphism is called 
a pseudo- automorphism if there exists an ^-adic pseudo-endomorphism \E^(x) such that 
^{x)'^{x)v = V = \E'(a;)$(x)f for v & V. We say that ^-adic pseudo-endomorphisms $(a;) 
and \E'(x) commute if $(a;i)\I'(x2) = '^{x2)^{xi). 

The following is an /i-adic version of Lemma 3.15 of [KLj : 

Lemma 5.2. Let Q = (g.y) be an I x I matrix as before and let pi{x, K), . . . ,pi{x, K) be 
any sequence in C((x))[[^]] with Pi{x, 0) 7^ for 1 < i < I (so that Pi{x, K) are invertible). 
Then there exists an h-adic pseudo-automorphism 0/ Vq such that 

= u(^) ®Pi(a;,n), <l>{x){v^''^) = v^''^ ® pi{x, h)-^ forl<i<l. 

Furthermore, all such pseudo- automorphisms mutually commute. 

Proof. Note that Vq ® £{{x))[[h]\ C (Vq O C{{x)))[[h]]. As C{{x))[[h]] is a commutative 
associative algebra over C with — ^ as a derivation, C((x)) [[/?-]] becomes a vertex algebra 
with 1 as the vacuum vector and with 

YU,z)g = {e-'^f)g for f,g G C((x))[[n]]. 

We then equip Vq®C((x))[[^]] with the tensor product vertex algebra structure with l^en 
denoting the vertex operator map. Then 

Yteniv ® fix), z) = Y{v, z) ® f [x - z) for veV, fix) e C{{x))m]. 

For A{x) E ViS)C{{x))[[h]], we have Yten{A{x),z) = Y{A{x-z),z), noting that as in (l5^ . 
Y is C((x))[[/?-]]-bihnear. An ^-adic pseudo-endomorphism from Vq to Vq ® C((x)) [[/?.]] 
exactly amounts to a vertex algebra homomorphism. 

It is straightforward to check that with Xi{z) and Yi{z) (1 < « < /) acting on Vq (g) 
C((a;))[[^]] as Y{u'^'^ ®pi{x,h),z) and F(f(*) (g)pj(x, ^)~\ 2:), respectively, Vq ® C{{x))[[h]] 
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becomes an ^Q-module with 1 ® 1 as a vacuum vector. Since Vq is a universal vacuum 
^Q-module, it follows that there exists an ^Q-module homomorphism 9 from Vq to 
Vq ® C((x))[[/i]] such that 6{1) = 1 ® 1. Because Vq as a quantum vertex algebra is 
generated by u^''\v^^^ (1 < < 0? it follows that ^ is a vertex algebra homomorphism. We 
have 

^(uW) = u^'^ O pi{x, h), 9,iv^''^) = v^^ ® pi{x, h)-^ for 1 < i < L 
Denoting 6 alternatively by $(a;), we see that satisfies all the properties. □ 

Set 

G{x,h) = j ^i^'^l I p{x,h),q{x,h) e C[x,h] with p(x,0),g(x,0) ^ o| , (5.7) 

an abelian group. We also consider G{x,h) as a (multiphcative) subgroup of C((x))[[/i]]. 
Theorem 5.3. Let Q = {qij)\j^i be given as before and let 

Pijix,h) e Gix,h) c ciixmh]] (5.8) 

such that pij{x,0) = 1 for 1 < i,j < I. For 1 < i < I, let $t(x) be the pseudo- 
automorphism of Vq such that 

$i(x)(M^^'^) = M^^'^ (g) pij{x, h), <l>i(x)(f ^■''^) = v^^'^ (g) pij{x, for I <j <l, 

obtained in Lemma \5. S[ Then there exists a unique h-adic quantum vertex algebra struc- 
ture on Vq[[/i]] with 1 as the vacuum vector and with 

Ys(m«,x) = Y{u^'\x)^i{x), Yn{v^'\x) = Y{v^'\ x)^,{x)-^ fori <j<l. 

Furthermore, Vq[[/i]] is non- degenerate and generated by t>(*) A < < 0, and the 
following relations hold for 1 < i,j < I: 

Pij{xi - X2, hy^Yn{u^'\ Xi)Yniu^^\ X2) = qjiPji{x2 - Xi, h)~^Yn{u^^\ X2)Yf,{u^'\ xi), 
Pij{xi - X2, hy^Yn{v^'\xi)Yt,{v^^\x2) = qijPji{x2 - a^i, hy'^Yn{v^^\ X2)Yri{v'^'-\ xi) , 
Pij{xi - X2, h)Yn{u^'\ xi)Yf,{v^^\x2) - qjiPji{x2 - Xi, h)Yt,{v^^\ X2)Yti{u^'\ xi) 

= k^2'S ( ^ 
\X2 



Proof. Note that from Lemma [5. 21 pseudo-automorphisms $j(x) (1 < i < /) are mutually 
commuting. For 1 < i < Z, set 

a«(x) = Y{u^'\x)<l>i{x), b^'\x) = Y{v^'\x)<l>i\x). 



We have 



Pij{xi - X2,h) ^a^''\xi)a^^\x2) 

PijiXl - X2, h)'^Y{u'^'\ Xi)^i{Xi)Y{u'^^\x2)^j{x2) 
F(m«, Xi)F(m(^^ X2)$i(xi)$,(x2) 

qijY{u^^\ X2)F(n«, xi)$,(x2)$i(xi) 
qijPji{x2 - xi, hY^a''^\x2)a^'\xi), 
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Pij{Xi - X2, h) ^h^^{xi)h''^\x2) 
= p,,{x,-X2,h)-^Y{v^^,x,)^T\x,)Y{v^i\x2)^-\x2) 
= Y{v'^^\xi)Y{v'^^\x2)<i>i\xi)<^>j\x2) 
= q,,Y{v<^^\x2)Y{v^'\x,)<l>-\x2)<l>-\x,) 
= qijPji{x2 - Xi, hy^b^^\x2)b^'\xi), 



Pij{xi - X2, fi)a^'\xi)b^^\x2) - qjiPji{x2 - Xi, !i)b^^\x2)a^'\xi) 
= Yiu^'\x,)Yiv^^\x2)Mxl)^J\x2)-qj^Yiv^'\x2)Yiu^'\xl)^J\x2)Mx^ 

= SijX2^5 (^^^ ^j\x2)Mxi) 

= 6,,X2'6(^^^^J\X2)HX2) 

Set T = {a(*)(x), b^'\x) | 1 < i < /} C Sn{VQ[[h]]) . From Lemma gJSl T is n-adically 
5-local and hence ^-adically compatible by Lemma 14.231 By Theorem I4.16[ T generates 
an ^-adic nonlocal vertex algebra (T) inside ^s(Vq[[^]]) with Vq[[^]] as a module. 

We are going to apply Theorem 1121 with V = VQ[[h]], U = {u^'\ v^'^ \ l<i<l}, and 

yo(M»,a;) = a«(x), Yoiv^'\x) = 

We claim that Vq[[7i]] is generated from 1 by field operators a^^\x), b^^\x) (!<«</)• Let 
W be the C[[/i]]-submodule of VQ[[/i]] generated from 1 by field operators a^^\x) , b^^\x) 
{l<i< I). We have $i(a;)l = 1 O 1, 

^i{x)a^^\xi) = pij{x - xi, h)a^^\xi)^i{x), 
^i{x)b^^\xi) = pij{x - xi, hy^b^^\xi)^i{x) 

for 1 < i,j < I. It follows from induction that ^i{x)W C x^^]] for 1 < i < I. 

Similarly, we have ^i{x)~^W C x^"*^]]. As 

Y{u^'\x) = a^^{x)^i{x)-\ Y{v^'\x) = b^'\x)^i{x), 

it follows that W is closed under vertex operators Y(u^'^\x) and Y(v^''\x) for 1 <i <l. 
Consequently, W = Vq[[^]], as claimed. 

By Proposition I3.13t there exists a i^"-module homomorphism vr from K to Vq[[/i]], 
sending lyQ[[;i]] to 1. We are going to prove that vr is in fact an isomorphism. First, we 
see that vr is surjective and it gives rise to a surjective linear map ttq : K/hK — )■ Vq (= 
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^q[[^]]/^^q[[^]])- LemmaEH which follows next, we have 

Pij{xi - X2, h)Yg{a^'\x) , Xi)Y£{a^^\x) , X2) 

= qijPji{x2 - xi, h)Y£{a^^\x),X2)Y£{a^'\x),xi), 

p,,{xi-X2,K)Ye{b^'\x),x{)Ye{b^^\x),X2) 

= qijPji{x2 - Xi,h)Y£{b^^\x),X2)Y£{b^'\x),Xi), 

Pij {X1-X2, h)Ys (a^ {x),xi)Y£ {b^^^ (x) , X2) 

-qjiPji{x2 - xi, h)Yi:{b^^\x),X2)Yi:{a^'^{x),Xi] 

= 5ijX2^5 ( — 

\X2 

for 1 < i,j < I. From this, it follows that K/hK is a vacuum ^Q-module with Xi{z) 
and Yi(z) {I < i < I) acting as Y£:(a*^*^(x), z) and Y£{b^^\x), z), respectively. Furthermore, 
we see that ttq is a surjective ^Q-module homomorphism from K/hK to Vq. As every 
nonzero vacuum ^Q-module is irreducible from |KLj . ttq must be an isomorphism. With 
K separated and with Vq[[^]] torsion-free, it follows from a result of Enriquez ([En], 
Lemma 3.14) that tt is an isomorphism. Now, by Theorem I4.24[ there exists an ^-adic 
weak quantum vertex algebra structure on Vq[[/i]] with 1 as the vacuum vector and with 

Yn{u^'\x) = a^'\x), Yn{v'''\ x) = b'-'^x) for 1 < i < /. 

Then the last assertion follows immediately. As Vq is nondegenerate, Vq[[^]] is an ^-adic 
quantum vertex algebra. Now, the proof is complete. □ 

The following is the result we need in the proof of Theorem 15.31 

Lemma 5.4. Let W be a topologically free C[[h]]-module and let V be an h-adic nonlocal 
vertex subalgebra of Sri{W). Assume that 

a{x), b{x) G V, p{x, h), q{x, K) G C[x, /i], /(x, h) G C((x 

with p{x, 0), q{x, 0) 7^ such that 

p{xi ''"'^^^^^ (i(^xi)b{x2) — f{x2 — Xi,!i)b{x2)a{xi) = Xx2^S (— ] , (5.9) 



^q{Xi-X2,h)J \X2 

where X is a complex number. Then 



f p{xi -X2,h)\ 
[qix,-X2,h))'^' 



[a{x),xi)Y£{b{x),X2) - f{x2 - xi, h)Y£{b{x),X2)Ys{a{x),xi) 

= Xx^'S . (5.10) 
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Proof. From fl5.9p . we have 

(xi - X2)p{xi - X2, h)a{xi)h{x2) = (xi - X2)g(xi - X2, h)f{x2 - xi, h)h{x2)a{xi) 
= [xi - X2)p{xi - X2, n) ■ h[x2)a[xi). 

\ p{-X2 + Xi,h) J 

In view of Lemma 14.251 we have 

f \hf \ fq{xi-x2,h)f{x2-xi,h)\ 

By Lemma [4.19[ we have 

Y£(a(x),xo)b(x) = ReSx-,XQ^6 ( — — —] a(xi)b(x) 

\ ^0 J 

_^ f x-xA f q{xi-x,h)f{x~xi,h)\ 

-Res^.Xo S b{x)a{xi). 

V -^0 J V p{-x + xi,h) J 

Multiplying both sides by (viewed as an element of C((xo))[[/i]]) we obtain 

) f{x — Xi, ^)6(x)a(xi). 

—Xq J 

Furthermore, for n > 0, applying ReSj^^Xo to both sides and then using (15.9^ we get 

RqSxoXq { ^^^^' F£-(a(x),xo)6(x) = AReSi:i(xi - x)"x"^5 = 5„,oA. 

On the other hand, by Lemma [4.211 we have the following Jacobi identity in V: 

Xq^6 ( — — — ] F£-(a(x), Xi)F^(6(x), xa) 
\ Xo J 

-I, f X2-Xi \ ( qjxi- X2,fl)f{x2- xuh) \ \v f f \ \ 

-Xq 6 ■ r£(6(x),X2)l£(a(x),xi) 

V J\ p{-X2 + Xi,n) J 

= x^^5 yg(yg(a(x),xo)6(x),X2). 
Multiplying both sides by and then taking Res^.^ we obtain 



p(xi -X2,h) 
q{xi - X2, h) 



Ys{a{x), xi)F£:(6(x), X2) - /(x2 - Xi, h)Y£{h{x), X2)Ys{a{x), xi) 



= Resa:oXi ^5 ( ^ ^ ^° ) j P(^0' ^) j yg(yg(a(x), xo)fe(x), X2) 
V xi y \q{xo,h)J 

= Xx^'sf^^ 

\Xl 

proving (15.101) . □ 
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Example 5.5. Consider the special case with / = 1, qu = 1, and pii{x, h) = In this 
case (with Q = gn = 1), is a Weyl algebra and Vq is a vertex algebra. By Theorem 
15.3^ there exists an h-adic quantum vertex algebra Vq[[/i]] with generators u,v such that 

( — ^7"^ ) Y{u, xi)Y{u, X2) = ( — ) Y{u, X2)Y{u, xi), 
\xi - X2 + nj \X2 - Xi + hJ 

( Y{v,x,)Y{v,X2) = f^^^^l Y{v,X2)Y{v,x,), 

\Xi-X2 + nJ \X2-Xi + hJ 

^Y{v,X2)Y{u,x,) = x^'6 (^^^. 
This gives an ^-deformed /57-system (cf. |EFKj ). 

Example 5.6. Consider the case with / = 1, qu = —1, and pii{x, h) = In this case, 
is a Clifford algebra and Vq is a vertex superalgebra (cf. |FFRj ). Theorem 15 . 3 1 assert s 
that there exists an h-adic quantum vertex algebra Vq [[/?-]] with generators u,v such that 

( — ^7-^ ) y{u, X2)Y{U, Xi), 
\X2 - Xi + hj 

I — I Y{v,X2)Y{v,xi), 

\X2 - Xi + hJ 

Y[v,X2)Y[u,Xi) = X2 d [ — ] . 

X2-X1 J \X2j 

Let L = be a rank-one lattice with (a, a) = 1. Associated to L, one has a vertex su- 
peralgebra Vl (cf. |DL] ). It is known that vertex superalgebras Vq and Vl are isomorphic 
with u = e" and v = e~". In view of this, VQ[[/i]] is an ^-deformation of Vl- 



(^^^^^^]y{u,x,)Y{v,X2)-( 

\ X1-X2 J V 



Xi — X2 



Xi — 


X2 + h 


Xi 


- X2 


Xi — 


X2 + h 


Xi — 


X2 + h 



Xi - X2 



Y{u,xi)Y{u,X2) = - 
Y{v,xi)Y{v,X2) = - 
Y{u,Xi)Y{v,X2) + 



6 /i-adic quantum vertex algebras associated with dou- 
ble Yangians 

In this section, we shall associate the centrally extended double Yangian of 3(2 (see |Kh] ) 
with ^-adic quantum vertex algebras. This can be viewed as an ^-adic version of the 
corresponding result of |Li6] for the center less double Yangian of 5(2 with h evaluated as 
a nonzero complex number. 

The following is a variant of the centrally extended double Yangian DYfi{5{2) in [KhJ: 

Definition 6.1. Define DYri{a{2) to be the topological associative algebra over C[[/?.]] with 
generators 

Cm) fmi ^m; C, d {tTI G Z), 
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which are grouped together in terms of generating functions 



-m-l 



mez mez 

m— 1 



m 



X 



mez mez 
h+{x)^l + hJ2hmX~'^-\ h-{x)^l-hJ2h 

m>0 m<0 

with c a central element, subject to relations 

[d, e{x)] = ^e{x), [d, f{x)] = -^f{x), [d, h^{x)] = ^/i^(^), 
e{x)e{y) = '^—^—^e{y)e{x), 

mm = ^-^^mm, 

y — X — n 

h^{x)e{y) = - — ^^-^e(|/)/i+(x), 
X — y — Ti 

h-{x)m = l^^f(y)h-{^). 

h^{x)h^{y) = h^{y)h^{x), 

. x-y + h x-y-(l + c)h ^ 

h^[x)h [y) = — — • h {y)h+{x), 

x — y — n X — y + [1 — c)n 

m, f{y)] = I (x~'6 h^x) - x-H (^) h-{y)\ , (6.1) 



where by convention for a e C[c], 
1 



X — y — ah 

^ n>0 



- vY'^-'n- e c[c, (x - y)-'][m, 



y — X — ah 



n>0 



Remark 6.2. Here we give some details for the definition. Let T be the free associative 
algebra over C with generators e^, fm, ^m {m E Z), c, d. Set 

deg c = deg d — 0, deg = deg fm = deg hm — m for m e Z, 

to make T a Z- graded algebra T — Unez^n- n e set 

F,(T) = ^ C T. 

m>n 
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This defines a decreasing filtration {-F„(T)}„gz of T with n„gz-^n(r) = 0. Denote by 
T the formal completion of T with respect to this filtration. Then T[[/i]] is an algebra 

over C[[/i]]. The algebra DYfi{sl2) is simply the quotient algebra of T[[h]] modulo all the 
relations corresponding to fl6.ip . The standard double Yangian DYti{sl2) (see |Kh] ) was 
related to the increasing filtration {Ck}kez, where Ck = J2m<k'^rn for k E Z. 

Remark 6.3. Let 1^ be a C[[^]]-module and let a{x),b{x) G £fi(W). Assume that a{x) G 
(EndH^)[[x"^]]. Note that the equalities 

a{xi)b{x2) = — — , ^ b{x2)a{xi), 
Xi — X2 + n 

a{xi)b{x2) = — — ^ b{x2)a{xi) (= ^2 + a^i % (^x2)a{xi) 
X2 — xi — h \ —X2 + xi + n 

both make sense, but they are not equivalent in general. On the other hand, the following 
equalities both make sense and are equivalent 

a{xi)b{x2) = — — — — ^&(x2)a(xi), 
xi — X2 + n 

b(x2)a(xi) = — — ^ a(xi)b(x2). 
xi — X2 — h 

By a DYri{sl2) -module we mean a C[[^]]-module W on which e{x), f{x), h'^{x) and c, d 
act such that 

e{x)J{x),h^{x)E8niW) 

and such that all the defining relations in fl6.ip hold. A Z}Y/j(s[2)-module W is said to be 
of level £ G C if c acts on W as scalar Let W he a. DF^j (5(2) -module of level £. Set 

Uw = {Iw, e(x), fix), h+ix), h-{x)} C £h{W). (6.2) 

Note that from the last defining relation we have 

(xi - X2)(xi -X2- ih)[e{xi), /(X2)] = 0. 

In view of Lemma 14.251 Uw is ^-adically iS-local. Then by Theorem I4.15[ Uw generates 
an h-adic nonlocal vertex algebra Vw inside SniW). We are going to show that the space 
Vw is naturally a module for a variant of DYfi{sl2). 

Definition 6.4. Let DYfj(s[2) be the topological associative algebra over C[[h]] with gen- 
erators 

Cm; frni ^rra (^ ^ C, d, 
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and with generating functions 



~e{x) = /» = 

h+{x) = l + hYhmX"^~\ h~{x) = l-hYKx~"'~\ (6-3) 
subject to relations 

[d,e{x)] = ^e(x), [d,f{x)] = ^/(a^), = ^^^(^)) 

e(x)e(?/) = ^ — ^— Je(?/)e(a;), 

y — X ~ n 

e{jj)h^{x) = - — ^— J/i+(x)e(?/), 
X — y + n 

X — y — (1 + cj/i 

/i"(x)e(?/) = ^ — ^^^—^e{y)h'{x), 
y — X + n 

h-{x)f{y) = ^-—^hy)h-{x), 

y — X — h 
[h^{x),h^{y)]=Q, 

I-/ + ( \ x-y-h x-y + {l-c)h ~ 

h [y)h^[x) = — ■ h^[x)h [y), 

x — y + n X — y — [1 + c)h 

[e(x), f{y)] = ^ (^x~'5 (^^) ^^(^) " ^''^ ) ^"(^z)) • (6-4) 

Similarly, we define a DF/j (3(2) -module to be a C[[/?.]]-module on which e(x), f{x), h^{x) 
and c, (i act with e{x), f{x), h^{x) G EjiiW)^ satisfying all the defining relations. A vector 

in a Z)Yft(sl2)-module is called a vacuum vector if 

dw = 0, = fmU! = h^uJ = for m > 0. 

A vacuum DY!i{sl2) -module is a module equipped with a vacuum vector which generates 
the whole module. 

Remark 6.5. In view of Remark 16.31 the following relations hold in DYii{5l2)'- 

e{y)h+{x) = - — ^— ^/i+(x)e(?/), 
X — y + h 

x — y + n x — y — [l + c)n 
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On the other hand, these three relations also imply the corresponding original relations. 
Thus DYfi{sl2) is isomorphic to the quotient algebra of DYfi{sl2) modulo the relations 

= for m < and h~ = for n > 0. (6.5) 

Consequently, every Z}Y;i(sl2)-module of level i is naturally a DYs(sl2)-module of level i. 
Set 

h+{xy = J2 hkX-^~^ = \(h^{x) - 1), h-{x)' = hkX-^^^ = Ul - h-{x)). (6.6) 

lb ft 

k>0 k<0 

The following is straightforward: 

Lemma 6.6. In terms of h'^i^x)', those relations involving h^{x) in (6^) become 

h~{x)'e{y) = - — ^— Je(?/)/i"(x)' + '^—-^e{y), 

y — X + n y — X + n 

h-{x)'~f{y) = y—^f{y)h~{xy + ~^ , /(y), 
y — X — h y — X — n 

~e{y)h^{xy = • h^ixYeiy) + '^^ . g(y), 

X — y + n X ~ y + h 

f{y)hHxy = + ■ h^xym + 

X — y — [1 + c)h X — y — {\ + c)n 

[h^ixy,h^{yy] = o, 
h-{yyh+{xy = F{h)h+{xyh-{yy 

[x — y + h)[x — y — [1 + c)h) V / 
X — y — ti X — y + {1 — c)h 



where 



m 



X — y + h X — y — {1 + c)h^ 



and 



[e{x),f{y)] 

= --'s © {hHxy + h-ixy) + ^(1 + hhHxy) (lYx-^s (| 

fc>i ■ ^ 

Proposition 6.7. Let W be a topologically free DYfi{sl2) -module of level i. Set 
Uw = {lw,e{x),f{x),h+{xy,h~{xy} C £n{W). 

Then Uw is h-adically S-local and the h-adic nonlocal vertex algebra Vw generated by Uw 

is a DYfi{sl2) -module of level i with e{xo), f{xo) andh'^^xo) acting as Y£{e{x),xo), yf(/(x),xo) 
and Ys{h'^{x),xo) , respectively, and with d acting as V = d/dx and c acting as scalar i. 

Furthermore, Iw generates a vacuum DYii{sl2) -module of level i. 
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Proof. With the commutation relations fl6.4p and with Lemma [6.61 by Lemma [4.25[ Uw 
is /i-adically iS-local. Note that the D-operator of the h-adic nonlocal vertex algebra Vw 
is exactly the formal differential operator d/dx and we have 

[D,Ysieix),Xo)] = -^y,(e(x),Xo), [V,Yeifix), Xo)] = Xq), 
dxo dxo 

[D,Y£Ch^{x),Xo)] = -^YeCh^{x),Xo). 

CLXq 

With the commutation relations (16 ■4p . by Proposition 14.261 we have 

Y£{e{x),xi)Y£{e{x), X2) = — — , ^ ■ Y£{e{x), X2)Y£{e{x), xi), 

X2 — xi + n 

X2 — xi — h 

Ye{i{x),X2)YeCh^{x),x,) = ^l^^l^ . YeCh^{x),x,)Ye{e{x),X2), 

xi- X2 + n 

Ye{f{x),X2)YeCh^{x),x^) = " + (| " . x^), 

F^(/i"(x),xi)Ff(e(x),X2) = • >^(e(x),X2)F^:(/i"(x),xi), 

X2 — xi + n 

YeCh-ix),xi)Yeifix),X2) = ^^^^^-Ye{f{x),X2)YeCh-{x),x,), 

X2 — xi — h 

[Y,{h^{x)',x{),Ye{h^{x)\x2)]=Q, 
Ye{h-{x),X2)Ye{h+{x),x^) 

xi-x2-h xi-x2 + {i-e)h ^ ru+i \ \vrh-(\ \ 

= 7:r—^-Y£{h+{x),Xi)Y£{h {x),X2). 

xi — X2 + n xi — X2 — (1 + i)h 

Recall that W is a. faithful VV-niodule. Using Proposition 12.261 we get 

[Yeieix),xi),Yeifix),X2)] = x^'5 (—] Ye (h+{x)' + h-{x)\xi 



Xi 

= \ {x-,'S (^^i^) Yi:(h*(x),x,) - x^'S Ye(h-{x),x.A . 

This shows that Vw is a DY'?j(s[2)-niodule of level ^. Clearly, 1 is a vacuum vector of Vy/ 
viewed as a DY}; (5(2) -module, so it generates a vacuum Dy/i(sl2)-module. □ 
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Definition 6.8. Define to be a Lie algebra over C with a basis {c, Ej^, F^, 7^, | m e 
Z} and with the Lie bracket relations 

[c,i^] = 0, 

[E(x),E(|/)] = 0, [F(a;),F(|/)]=0, 
[I{x), I{y)] = 0, [J{x), J{y)] = 0, [/(x), J{y)] 



{X - 



[/(x), E{y)] = [/(x), = 

X — y X — y 

[J{x), E{y)] = -^E{y), [J{x), F{y)] = ^F(y), 

y — X y — X 

[E{x), F{y)] = x-H (^) (/(y) + J{y)) + c^x'^^ (^) , 
where a{x) = X^mez '^mX~^""^ for a = E,F, I, J. 

Remark 6.9. Consider the product Lie algebra sl2 © Cz. Extend the normalized Killing 
form on sl2 to a symmetric (invariant) bilinear form on sl2 ® Cz by 

{si2,z)^0, {z,z)^0. 

Then we have an affine Lie algebra si2 © Cz. It is readily to see that Lie algebra K is 
isomorphic to sl2 © Cz with 

E{x) = e{x), F{x) = f{x), I{x) = h{x)~^ + z{x), J{x) = h{x)~ — z{x), 

and c — \s. (the central element of sl^'^Cz), where for a e 5(2 ® Cz, 

a{x) = a{m)x~ 



-m—l 

mez 

and 



X "^-^ 



h{xy = h{m)x-'^-\ h{x)- = h{m) 

m>0 m<0 

A vector w in a i^-module is called a vacuum vector if 

EmW — FjnW — ImW — JmW — for m > 0. 

A vacuum K-module is a module equipped with a vacuum vector which generates the 
whole module. Denote by K>q the linear span of c, E^, F^, 1^, for m > 0. It is clear 
that KyQ is a Lie subalgcbra. Let £ be a complex number. Denote by the 1-dimcnsional 
A'>o-module with c acting as £ and with all the other generators of i^>o acting trivially. 
Form the induced /^-module 

1/^(^,0) = C/(X)(g)[/(K>„)Q. (6.7) 
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Set 1 = 10 1 G 0). Then 1^(^,0) is a vacuum if-module of level £, which is 

universal in the obvious sense. In view of the connection of K with 5(2 © Cz, Vk{^-, 0) is 
also a universal vacuum s\2 © Cz-module of level i. If £ is generic, it is well known that 
the universal vacuum SI2 © C2;- module of level £ is irreducible. It follows that Vx(^, 0) is 
an irreducible i^-module if £ is generic. 
Set 

E = E{-1)1, F = F(-1)1, / = /(-l)l, J = J(-l)l G ^^^(£,0). 

Clearly, {1, £'(a;), F(a;), J(x), J(a;)} is i5-local. It follows from |Li5j that there exists a 
(unique) non-degenerate quantum vertex algebra structure on Vk{^i^) over C with 1 as 
the vacuum vector and with 

Y{E,x) = E{x), Y{F,x) = F{x), Y{I,x) = I{x), Y{J,x) = J{x). 

Proposition 6.10. Let W be any DYfi{5l2) -module of level i. Then W/hW is a K-module 
of level i with Em-, Em, Im, Jm for m G Z acting as Cm, fm, h^, h^, respectively. If W is a 
vacuum DYfi{sl2) -module of level i, then W/hW is a vacuum K-module of level i. 

Proof. The first assertion follows immediately from the defining relations in (16.41) and the 

relations in Lemma [6.61 If is a vacuum Dy/i(s[2)-module of level £, we see that W/hW 
is a vacuum i^-module of level i. □ 

Theorem 6.11. Let i be a complex number. Assume that there exists a vacuum DYfi{sl2)- 

module V{DYfi{sl2),i) of level i which is universal in the obvious sense and which is 
topologically free. Then there exists a unique h-adic weak quantum vertex algebra structure 
on V {DYfi{sl2) , with 1 as the vacuum vector and with 

F(e_il, x) = e{x), Y{f-il, x) = />), Yih^.l, x) = h^{x)' . (6.8) 

// £ is generic, then V {DYn{5\2) , t) is a non- degenerate h-adic quantum vertex algebra. 

Furthermore, on any DYri{5\2) -module W of level I, there exists a unique V{DYj^{s\2),t)- 
module structure such that 

lV(e_il,a;) = e(a;), YwCf-i'^.x) = fix), YwCh-il,x) = h^{x)' . 

Proof. Let be a 1^/^(5 [2) -module of level ^. By Proposition 16. 7[ the /i-adic nonlocal 
vertex algebra Vw generated by IJw is a -DY/-i.(s (2) -module of level C and the submodule 
generated by Iw is a vacuum DF/j (512) -module of level £ with vacuum vector l^y. It 
follows that there exists a Dy^j (512) -module homomorphism ipy^ from V {DYfi{5{2) ■, ^) to 
Vw-i sending 1 to Iw- Specializing W = V {DYi-t{sl2) , ^) and then applying Theorem 14.241 
with V = V {DYf^:{sl2) , i) , U = {1, e_il, /_il, /i^^l}, we obtain the first assertion. For a 
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general W, from Theorem I4.16[ is a canonical module for Vw- The C[[^]]-module map 
ipw satisfies 

i'wi'i-) = ^W, tpwiUmV) = u{x)jn'ipwiu) for M G t/, f € V, ITl & Z. 

As 1 generates V {DYfi{5\2) , t) as a DY's(0[2)-module, it follows that ipw is a homomorphism 
of ^-adic nonlocal vertex algebras. Then the last assertion follows. 

As for the second assertion, since ^ is generic, Vft:(£, 0) is an irreducible fT- module. 

Because V {DYfi{5[2) A) / {.DYn{5\2) ^ t) is a vacuum i^'-module of level £ by Proposition 
I6T01 it follows that 

V{DYi^h)A)/nV{DYii^h)A) - Vi^(^,0) 

as a ii'-module. It follows that this -ft^-module isomorphism is also an isomorphism of 
nonlocal vertex algebras. As V/i-(£, 0) is (irreducible) non-degenerate, V"(DY/i(s[2), is a 
non-degenerate ^-adic quantum vertex algebra. □ 
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